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general definition of pseudo-differential, of course has an applied or representation.
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can be carried in the general form of a pseudo-differential operator. The solution
can be estimated for every if operator is a bounded operator. In this paper, the
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1. Introduction

Around1957, Calder’on proved the local
uniqueness theorem of the Cauchy problem of
a partial differential equation[16]. This proof
involved the idea of studying the algebraic
theory of characteristic polynomials of
differential equations[18].

Another landmark was set in ca.1963,
Atiyah and Singer presented their celebrated
index theorem. Applying operators, which
nowadays are recognised as pseudo-
differential operators, it was shown that the
geometric and analytical indices of Fredholm
operator on a compact manifold are equal. In
particular, these successes by Calder’on and
Atiyah-Singer = motivated developing a
comprehensive theory for these newly found
tools[18]. The Atiyah Singer index theorem is
also tied to the advent of K-theory, a significant
field of study in itself[24].

The evolution of the pseudo-differential
theory was then rapid[15]. Based on
development from this history, it has gave
birth to the general def-inition of pseudo-
differential operator that explain in this paper
The general definition of pseudo-differential,
of course has an applied or representation.
One of them is the problem of partial
differential equations in the Poisson equation
Au = f which have the solution of the
Equation |&|?i=f, and using Fourier
transforms is obtained

ulx) = (27'[)_% Je"x'f idé

(2m)7% [ eixé 2 (0) dg[19)

In this case the u form can be carried in
the general form of a pseudo-differential
operator[24]. The u solution can be estimated
for every x if operator u is a bounded
operator|[1].

2. Study literature

Pseudo-Differential Operator

In this paper, the operator T,
corresponds to the o symbol that defined as

T (p)G) = @02 [ e ol 00,

@ € LP(R™)

when ¢ € LP(R"), o(x, ) € S¥, and ¢ Fourier
transform of ¢ [24]. Then the definition S¥ is a
set of o(x, &) function in C*(R"™ x R™)[7] such
that for all multi-index @ and g3, there is exist a
positive constant Cy g that only depend a and

B, so that

|(DEDE D) (%, §)] < Cap(1+ [ENIAL,
x, & €R"

for k € (—o0,0)[24]. The boundedness T, in
LP(R™) is an extension of the boundedness T,
in LP (R™) in Schwartz space ( § )[2].

Definition 2.1 Schwartz space (S ) is
the set of all infinitely partial differentiable ¢
functions on R™ such that for all multi-index a
and f3,

xSEqullxa(DB(fﬁ))(x)l <

Based on Definition 2.1, it’s clear that
Co’(R™) € §[14]. Therefore, there is a
theorem saying that

Theorem 2.1 C;° (R™) dense in
LP(R™) for1 < p < o [6].

This will lead to the corollary § dense
LP(R™) for 1 < p < oo. The density S in LP (R™)
for 1 < p < o was shown the T, in Schwartz
space ( § ) can be extended in LP (R™)[1].

Find and prove new theorem about Pseudo-
Differential Operator

Boundedness of pseudo-differential
operators have been shown in

Let o symbol in S°, then operator
Ty: LP(R™) - LP(RM) for1 <p < oisa
bounded linear operator, with



J. Nat. Scien. & Math. Res. Vol. 6 No. 2 (2020) 43-48, 45

(Trp)(x) = (27T)_§ Jon €%50(x, ) P(E)dE
[24].

We must rembember that Fourier Transform
F is mapping S continously to §. Exactly, If
@r = 0in S when k — o,s0 §;, > 0whenk -
oo[5].

Proof :

Suppose a and 8 multi-indeks. So,

If“(D%k)(s‘)l =
1D ((—x)P i)} (D)

272 [ e (D ((—x)F @)} () x|
<

2n72 [ e (D ((—x)P i)} (1) |dx
<

272 [ =¥ |[{D((—)P 9)}(x) |dx

2172 [ |(D((—0)P i)} () |dx

= @2n): |
D*((—)Ppi) i, EER™

Because ¢, — 0in S then D¥((—x)P¢;) = 0in
S when k—->o. So we have |

D“((gellﬂgllf“(Dﬁ@k)(s‘)l = 0-x)%p) I~ 0
in k — co. This meaning is

when k — oo. Its prove that §;, = 0 in § when
k — oo[4].

And also We have T, mapping §
continously to §. This meaning if ¢, = 0 in S,
then T, — 0 when k — oo[3].

Proof:

Suppose ¢ € S™, and we have multi
indeks a and 8, and positive C, g, 5 only depend
a,B,v,and §, then

xseuﬂgllx“(Dﬁ(TaﬁDk))(x)l

x4(21) 72 [ DE(e* ¥ (2, )i (§)dE

X@m)E fon yep () 676 0L T )0 P8

@2 fy Zyep () €7 e HOL T ) P8

@)% fy Zyep () 0F= OO ) 0067 0u(dE
= 20 2 (-D)

JRn Z (5) e™EDE((DY Vo) (x, E)EY Pr(§)}dé

= @m) 72 (-D)lel

[.22

y<B b6=<a

(5) (g) e ¢ (DE0DY Y 0) (x, §)DE (8 Pr (§))ndé

<
(27‘[)_2 Zysﬁ 26551 (5) (g) Ca,ﬁ,y,S fRn (1 +
|EN™ IS DS (€Y @1 (€))|dE
So,

xsellﬂgllxo‘(Dﬁ(Tafpk))(x)l =

a

(2”)_2 Zysﬁ Z8sa (f) (5) Ca,ﬁ,y,S fRn (1 +
|ED™ 1181 D2 (87 @1 (£))]dE [5]
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3. Result and Discussion

Boundedness of Pseudo-Differential Operator
for S* Class

Boundedness of pseudo-differential
operators have been shown in

Theorem 3.1 Let o symbol in S°, then
operator T,: LP(R™) = LP(R™) for1 <p < o
is a bounded linear operator, with

(Trp)(x) = (27T)_§ Jon €F 50 (X, )P(E)dE
[24].

From this Theorem 3.1, this leads to a
more general theorem, that is

Theorem 3.2 Let o symbol in S
where 0 < k < n, then operator T,: LP (R™) —
L1(R™) for 1 < p,q < oo is a bounded linear
operator, with

(Top)() = (2m) 2 Jgn €750 (x,©)P(8)d¢.

3=

1
when - =
q

b~

Before proving the Theorem 3.2, a
theorem is needed that is Young Inequality
Theorem.

Theorem 3.3 (Young Inequality)

Let1l < p,q,r < oo satisfy

then there exist a constant B > 0 such that for
all f € LP(R™) and g € L(R"), its have

I f*g ”Lq(Rn)< Bl f "LT.OO(Rn)"
g llLprn [4].

Proof of Theorem 3.2

from the

Let ¢(x,§) = {0 (x,$),

characteristics of the product between S*

classes, ¢ is symbol in S% Then, based on
Theorem 3.1

(Tpp)(x) = (2m)"2 Jgn €750, )Q(E)dE

is bounded linear operator, and

(@) ) = @m)7= Jgn €750 (x,©)P($)dE

= (2m) -2 Jmn

EW = f(£),and §(¢) = ¢p(x, £)P(&). Based

on the inversion Fourier and convolution
properties, then T, = F~1(f§). So,

e S(WMX $)P(§)ds.

I Ty lpawmy=Il F1(F§) lLamm

=|| f*g IILq(Rn)

Based on Young inequality, it follow that
I T lparmy< B Il f llreo(mmy
[ g "LP(RH)

According to the fact that Is‘I" = f (&), and

gié&) =, P(&), it obvious that f(x) =
and g(x) = (Tp)(x). So that —— €

|nk

|x|n—k

LT’OO(]Rn) if q= n/(n k), and " g "Lp(Rn)\

C Il @ ll,prmy- Then, the Young inequality
requires
1yl 1412
p T q
so that,
11,1 4
p T
— 1 + n-k _ 1
p n
=ly1-54
n
_1_k
=
Then,
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II Ty ||Lq(Rn)< B |l f ||LT'°°(1R71)|| g ||LP(]Rn)

<B I f llgrooggeny C |
@ llLprmy

<D "§0"LP(RH), D>0

3=

1
when - =
q

< |

4. Conclusion

The conclusion of this paper is the
boundedness pseudo-differential operator in
the Theorem 3.2. Let ¢ symbol in S™% where
0 < k < n,then operator T;: LP(R") — L7(R")
for 1 < p,q < oo is a bounded linear operator,
with

(Top)(x) = (2m) 2 Jgn €750 (x,©)P(8)d8.

S|=

1
when - =
q

< |
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