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produce many fixed point theory. Fixed point theory has been proved in partial
metric spaces and b-metric spaces as generalizations of metric spaces to obtain
new theorems. In addition, using modified of contraction mapping we get some
fixed point that have been used to solve differential equations or integral
equations, and have many applications. Therefore, this area is actively studied by
many researchers. The goal of this article is present and prove some fixed point
theorems for extension of contraction mapping in «, § partial b-metric spaces. In
this research, we learn about notions of b-metric spaces and partial metric that are
combined to generated partial b-metric spaces from many literatures. Afterwards,
generalizations are made to get @, § partial b-metric spaces. Using the properties
of convergence, Cauchy sequences, and notions of completeness in a,  partial b-
metric spaces, we prove some fixed point theorem. Fixed point theory that we
generated used C-contraction mapping and its generalizations with some
conditions. Existence and uniqueness of fixed point raised for some restrictions of
a, f conditions. Some corollaries of main results are also proved. Our main
theorems extend and increase some existence in the previous results.

©2022 JNSMR UIN Walisongo. All rights reserved.
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always equal to zero. This metric was studied by
1. Introduction Matthews [1] in 1992 and come as a
generalization of metric spaces. The other type
of metric spaces is b-metric spaces introduced
by Bakhtin [2] and extensively used by Czerwik

Partial metric spaces are notions of
distance in which two similar points is not
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[3] in prove some fixed point theorem.
Afterwards, Suzana Aleksic, et. al. [4] establish
some new theorems for multivalued mapping in
b-metric spaces. Also, Jain and Kaur [5] devoted
some new theorems related to b-metric-like
spaces and Nazam [6] construct common fixed
point theorems in Partial b-metric spaces. Other
researchers [7], [8], [9], [10] [11] have studied
fixed point theorems involving different model
of contraction mapping in b-metric space. Fixed
point results in b-metric space is very active
topic studied by researchers because it has many
application in other fields such as in fractional
differential  equations,  boundary  value
problems, or integral equations [6], [12], [13],
[14] [15].

Shukla [16], in 2014, proposed partial b-
metric spaces that generalize both of b-metric
space and partial metric space. Shukla also prove
Banach and Kannan type contraction principle.
Research about partial b-metric spaces has been
attracted many researchers to modified or make
generalized to find new kind of fixed point
theory [17], [18], [19], [20], [21]. Recently,
Pravin and Virath [22] devised of «, 3 partial b-
metric space (X,p) and prove Banach

contraction principal in (X, p). In this paper, we

shall observe Chatterjea [23] type fixed point
and some other generalization in a, § partial b-
metric space.

2. Methods

The method of this research is literature
study. Research begins with study about theory
in b-metric spaces, partial metric spaces and
related fixed point. Afterwards, we learn fixed
point of partial b-metric spaces as generalization
of b-metric spaces. From article Pravin and
Virath [22], concept ¢, g partial b-metric space

is defined and prove fixed point theorems. Using
concept a,ﬂpartial b-metric space, in this
article we formulate and prove main fixed point
results to extends previous results.

In this part, we write some definitions,
theorems and symbols that underlies main
results.

Definition 2.1 [16]

Given a non-empty X set and function
b:XxX —>R. Function pis called partial 5-
metric on X, if there exist a real number ¢ >1
for all x,y,zeX hold

(D) b(x,x)=b(y,y)=b(x,y) iff x=y

(i) b(x,x) < b(y,x)

(i) b(x,y)=b(r.x)

(iv) b(x,y) < a[b(x,z) +b(z,y)] —b(z,z)

The pair (X,b) is called partial b-metric spaces

with coefficient ¢ .
Definition 2.2 [22]

Given a non-empty set X and function
bp : X x X = R. Function bp is a,f partial 5 -

metric on X if there exists two real numbers
a,f>1 for all x,y,zeX satisfied

(D) b,(x,x)=b,(x,y)=b,(y,y) if and only if
X=y

(ii) b, (x,x) <b, (x,y)

(i) b, (x.y)=b, (».x)

(iv) b, (x,y)< ab, (x,z)+ Bb, (z.y) -b, (z,2)

Furthermore, (X,bp) is called an a,p partial

-metric space. Clearly, for ¢ = S in (X,bp ) ,then

we get (X,bp) as partial b-metric space.

Example 2.1 [22]

Let A:(1,3) and let b,:AxA—>R be a
function with
b, (x,y)=&""+1 (1)

for every xX,y,z€ A- Then (A,bp) is an ¢, p

partial b -metric space.

Every ¢, partial p-metric on X have a open
balls N, (x,g)z{yeX:bp (x,y)<&+b, (x,x)}
and N, (x,g)={yeX:bp(x,y)Sg+bp(x,x)}

with xe X and £>0.
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Definition 2.3 [22]

Let (X,bp) be an ¢, partial p-metric

space, and sequence {xn} cX and xeX, we
get
0 {x)

limb (x
limb, (x,,

converges to x, if
¥)=b, (x.0)
(i) {x,} is a Cauchy in (X,bp), provide

11m b ( x,,X,, ), €xists and finite.

Definition 2.4 [22]

The ¢, 8 partial b -metric space (X,bp) is

said complete if any Cauchy sequence {xn} in X

satisfied
hrn b ( )=limbp (xn,x)sz (x,x)

for some xe X .
Definition 2.5 [23]
A mapping F:X — X is said C-contraction

in (X,d) is a metric space if there is exist

Ae (O,%) such that for every x, y e X satisfied
d(Fx,Fy)le(d(x,Fy)+d(y,Fx)) (2)

Theorem 2.1 [22]

Given (X,p) be a complete ¢, B partial b-

metric space and F:X — X a mapping such
that for all x,yeX satisfied the following

condition
b, (Fx,Fy) <Ab, (x,y)
with 2 €[0,1). Then F has unique fixed point.

3. Result and Discussion

Now, we are ready to prove fixed point
results in ¢, A partial b -metric space. The first

result related to mapping that satisfied

condition in Definition 2.5.

Theorem 3.1

Given (X,b,,) be ,p partial p-metric

space with complete properties and F: X - X
be a mapping such that

b, (Fx,Fy)Sﬂ[bp (x,Fy)+b, (y,Fx)] (3)

for all x,y in X with Ae[O ) Then F hasa

unique fixed point.
Proof.

Given x, e X and we defined sequence {xn}
in X that satisfied

_ I
X, _Fxn—l =F X9

For any n e N, we obtain
b,(x,,x, )=b (Fx, 5, Fx,_ l)
[ X, ,,F +b ( X, ],Fxnfz)]
[ Xy X (xnfl’xnfl )J
<A[ab,( nz,nl+ﬁb(nl, )+
b, (%,1:%,1) +b, (3,13, ]
= 2[ @b, (%, 2.%,1)+ b, (x,.%,)]

Repeating the above process forall neN,
we obtain

bp (xn—l ’xn ) S a/l b (xn—Z ’xn—l )

1-p1 "

n—1
al
S[l—ﬂﬂ,j bp (xo,xl)

Therefore, limp( X, 15X ) 0 because
al <1
1-pA
al
Supposed y = .For m,neN,

1- BA
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(%% ) B, (%,15%, ) +
b, (xn+l’xn+l)

<ab, (%,,%,,)+ Bb, (%,.1:%,.,)

<ab, (x,,%,,)+ Bab, (%%, ) +
ﬁzabp( Xpi2o n+3)+ o+
B, (%1%

<ay"b,(x,,x)+ Bay"'b, (x,),x )+
Bray"b, (x,
By b, (x%0,x,)

<y"b, (xp.x )@ +afy +af’y’ +

7]

=7'b, (xo’xl)[w"'(ﬂ?/)wl

bp ('xn n+m ) ab

X))+t

- By

al <1, then ai -0 as
P 1- 64

Since y=

n— oo and (,3]/)" — 0 for n —> 0. Then implies
that |im bp( n+m) Therefore, the

n,m—»0

sequence {xn} is Cauchy sequence in X, i.e.
n,l,}glwb!’ (x,.x,)= ’lggbp (x,,x)=b,(x,x)=0

Since X is complete ¢, B partial 5 -metric

space then {x | is convergence sequence, and

say {xn} converge to xe X, so

li_r)lgbp (xn ,x) = bp (x,x) =0

For any n e N, we obtain
b, (x,Fx)<ab (x X0 ) ¥ pb, (%1, Fx) -b, (x
<ab,(x, xn+1)+ﬁ'b (Fx,,Fx)

P

Sabp(x,xn )+ﬂ/1( (xn,Tx)+b(

<ab,(x,x,, )+ BAb, (x,x,,)+apib,(x,,
B Ab, (x.Tx) - BAb, (x.x)

X

n+1>

Therefore,

n+

)

a BA
-4 bp(x,xnu)mebp (xx,,,)+

—aﬂ/;t b (xn,x)
-2 7
Taking limit for both sides,
b, (x’Fx)ZO. From Definition 2.2, b,,(

and p, (Tx,Tx)=0.

b, (x, Tx) <

we obtained
x,x) =0

Therefore,
b,(x,x)=b,(Fx,Fx)=b,(x,Fx)=0. So, x is a

fixed point of F'.
We shall present the prove of uniqueness of
fixed point F . Suppose that x, y € X are distinct

fixed point of F . We obtain,
b, (x.7) =b, (F.Fy)
< l(bp (x,Fy)+bp (y,Fx))

=/1(bp (x,y)+bp (y,x))

<24b, (x,y)

Thereforep (x,

Hence, F just has one fixed point.

y)=0 that implies that x=y.

The following result extended fixed point
theorem by Misrah etal [24] in ¢, g b-metric

space.

Theorem 3.2

Given (X,b,, ) be ¢, pBpartial b-metric
spaces with complete propertiesand F: X - X
be a mapping such that

p(Tx,Ty)<ap(x,Tx)+bp(y,1v)+cp(x,y)
for every x,yeX with g, b, ¢ are positive real

numbers that satisfied ,B(a +h+ c) <1.Then F

has a unique fixed point.
x Proof:

Firstly, we make a sequence { xn} c X such
that for any x, € X holds

_ _mn
x,=Tx,,=T"x,
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Forall ne N, we have b,(x,Fx)<ab,(x,x,)+ pb,(x,, Fx)=b,(x,,x,)
b (x”,xn l)sz (Fxnfl’Fxn*Z) <a bp(x,xn) ( X,_ 1,F)C)
<ab (x” X, )+bbp(x”72,Fxn72)+ ob (x,x )+ [ ( L Fx 1)
Cb ( n 2’ n— 1) ’ ' n §
bb (x,F: b ,
—ab, (%, ,x,)+bb, (%, 5%, ,)+cb, (x, p () cby (x,..3)]
=abp( X, 1sX ) (b+c)b (xn_z,xn_l)
bic Therefore,
Therefore’ bp (xn’xn—])gmbp (‘xn—Z’xn—l)' If we (1—ﬂb)bp (x,Fx)Sab (X X, )+aﬁb (X,,,],Fxn,l)"_
continued the process, we get1 cpb, ( X, X )
b+c)
b,(x,,x,. 1)3(1_:j b, (xy,x,) or 3 o
b (xan) b)(x’xn)+ b ( ﬂ l’Fx )+
1-8b * 1-8b 7
For n,meN , we get cf
bP (Xﬂ’xn+m ) S abp ( n+1 ) + ﬁb ( n+1’ n+m ) + l—ﬁb bp (an ’x)
_bp(xn”’x’”') S i b (x’xn)+ aﬂ b (xn—l’xn)+
b b 1-pb " 1-pb "
c +c
g( . jb (3. )[a ﬁ( ) B
1-a l-a b,(x,.x)
m—1 l_ﬁb ! "
+ﬂm(119+c) } Since p# - and limb, (x,,x)=b,(x,x)=0, we
_a n—x0

havebp (x,Fx)zo. We get p(x’x):() and

Since ﬂ(a+b+c)<1, then a+b+c<1, so bp(Fx,Fx):O-ThUS, Fx=x thatgiveus xe X

b+c o ) ) as a fixed point of F . Furthermore, prove of a
< 1. Taking limit for both side with y —» w0, unique fixed point is given. Suppose u, x € X

l-a btc _ _ are distinct fixed point of . We have

we  have - —>0. This gives us bp (u,x) _ bp (Fu,Fx)

b,(x,.x,,)—>0 for nm-—>w. Hence, the <ab,(u,Fu)+bb,(y,Fx)+cb,(u,x)

sequence {x, } is Cauchy sequence in X i.e. <ab, (u,u)+bb,(x,x)+ch,(u,x)
nlir_l)lwb ( )_ll_{l?ob (xn,x):bp (x,x)ZO Sabp(u,x)+bbp(u,x)+cbp (u,x)

S(a+b+c)bp (u,x)
Since X is complete ¢, partial b-metric  Hepce, b,(u,x)=0 or x=y.So, F just has one
space, then {xn} is convergent sequence. fixed point in X .

Let the sequence {x | convergentto xinX. Corollary 3.3

In this step, x as a fixed point of T will be

presented. From definition of ¢, 3 partial b- If (X,b,,) be a complete ¢,/ partial b-

metric space, we get metric space and F:X — X be a mapping
satisfying
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b,(F'x,F"y)<ab,(x.F"x)+bb,(y.F"y)+
cbp(x,y)
for all x,yeX with g, b,c positive real
B(a+b+c)<1 and

then F has one fixed

numbers that satisfied

%<% for some fixed ,

point.
Proof:

Write § =7". From Theorem 3.2, then §
has just one fixed point i.e. there is 4y € X such

that G(u) =yu.Hence, "y =y. For some neN,

we have

b, (Fuu)=b,(F(F'u),u)
=bp(F"(Fu) )
<ab,(Fu,F"(Fu))+bb, (u F"u)+cb, (Fu
=ab (FuF F" ) bb, uu +cb (Fu,u)

+
=abp(Fu,Fu)+bbp(u,u)+cbp(Tu,u)
Therefore,
(l—c)bp(Fu,u)Sabp(Fu,Fu)+bbp(u,u)
_aabP(Fu,u)+a,Bbp(u,Fu)+
—bp(u,u)erbp(u,u)
=a(a+ﬂ)bp(Fu,u)—(l—b)bp(u,u]
Sa(a+ﬂ)bp(Fu,u)
H a(a+p) .
ence, bp(Fu,u)sl—bp(Fu,u), this
—c
implies bp(Fu,u)onhus, Fu=u or yeX is

fixed point of F.
Next, prove of the uniqueness is start with
assume w is another a fixed point F.

b, (u,w) =b, (Tu,Tw)
=b, (T”u,T"w)
<ab, (u,T"u) +bb, (W,T”w) +cb, (u,w)
=ab, (u,u)+bbp (w,w) +cb, (u,w)
<ab, (u,w)+bbp (u,w)+cbp (u,w)
z(a+b+c)bp (u,w)

Itis implied that bp (u,w) =0oru=w.So, F has

a single fixed point.
The next theorem is a generalization of result

from Pravin and Virath using Ciric [25] type
contraction.

Theorem 3.4

If (X,bp) be a complete ¢, partial b-

metric space and F': X — X be a mapping such
that for every yx, yveX satisfied

b, (Fx,Fy) < Amax {bp (x,y),bp (x,Fx),bp (y,Fy),

b, ()b, (3,5
for 4 e [O,%), then F has a unique fixed point.

~ Proof.

Define a sequence in X such that
x,=Tx,,=T"x,
with X, € X.

For n e N, we obtain

b]’ (x’Hl ’xﬂ ) = bp (Fxn ’Fxn—l )
</1max{b (x,.x,,).b,(x,,Fx,),
P ( " 1’ ) (x }?xn 1)’
P ( n 1’ )}
x{bp (x xn+1),
bp (x” 1’ ) (x x ) b (xn—l’xn+l)}
S X{{bp n’ (xn’xnﬂ )’
bp (xn 1° n+1 )}
If
max {bp (‘xn ’xn—l )’bp (‘xn ’xn+1 )’bp (xn—l ’xn+] )} =
b (x X@+1)
then bp( n+1’ )</Ib ( n+1)<b ( n+1)'We

got contradiction, so we have
bp (x ) < Amax {bp (xn X, ),bp (xH,an )}

Now, we divide into two cases.
Case 1:

n+1’
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max{bp (x,.%,., )sb, (%,15%,., )} =b,(x,.x,, )-
We get

b, (%5%,) < A0, (%, %,.1)
Continuing the process, we have
bp (erl’ )<ﬂ/"b (xl’xo)

Following the step in Theorem 3.1, we can
establish that for m,neN

bp (xn,xn+m) ﬂ/nmb (XO, )
Since Ae [0,%) and B=1, then
limb, (x,,x,,,)=0. Thus, {x} is Cauchy

n—»0

sequence in X . Because X is complete ¢, S
partial b-metric space, then {xn} converge to

xe X ie.
limb (

n—»0

x)=b, (x.x)

We shall prove that x is a fixed point of
mapping F .ForneN, we have

bp(Fx,x)Sab (xx )+,Bb (x Fx) b (x x)

n?’ n?’
<
_ab (

,)+Bb, (Fx, ,,Fx)
<ab, (x,x,)+pAb, (x, ,,x)

Therefore, bp (x,Fx) =0 or xe X is a fixed

point of F .
Case 2:

max {bp (xn ’xnfl )’bp ('xnfl > xn+1 )} = bp (xnfl ’xn+l )
We get
bp ('xn+1’ ) /’{’b ( n 1’ n+l)

<Aab,(x, ,.x,)+ ABb, (x,.%,.)

We have
A
bp (xn+1’xn ) S 1 _ZIB bp (xn—l’xn )

[terating the process, we obtain

b ren) <[ 242 8, )

—-Ap
Hence, limb ( x,.,)=0. So, the sequence

{xn}is Cauchy in X . Therefore, there is xe X

such that limb (

n—x0

) b, ( X, x)- Therefore, we

have
b, (x,Tx)<ab (x x,,+1)+,8b (x,Hl,Tx)—bp (%15 %01 )

<ab ( n+1)+ﬂ/1b (x,Txn)
<(a+pA)b,(x,x,,)

Since limb, (x,,x)=b,(x,

no
n—>0

x), then p(x’Tx):O.

Thus, x is a fixed point of F.From two case, we
know that F has a fixed point. Next, suppose
that F has two fixed point. We have

b, (x.y) =b,(Fx.Fy)
< Amax{b, (x,).b, (x.Fx).b, (y.Fy),
b, (x.Fy).b, (7.Fx)}
= Amax{b, (x,).b, (x.x).b, (».),
b, (x.9):, (%)}

< /Imax{bp (x,).b,(x,x),b, (y,y)}
<Ab,(x,y)

< bp (x,y)

We have contradiction. Thus, b, (x,

X=)-

y)=0 or

Corollary 3.5

If (X,bp) be a complete ¢,p partial b-
metric space and F': X — X be a mapping such
that
b, (Fx,Fy) < ﬂmax{bp (x,y),bp (x,Fy),bp (y,Fx)}

for all x,yeX with 4 e [0,%), then 7 hassingle

fixed point.

4. Conclusion

Through this article, we give some notions
of partial b-metric spaces and related theorems
about , gpartial b-metric spaces. Our main

results are some fixed point theorems in ¢,
partial b-metric spaces using C-contraction
mapping and its modification. Fixed point is
formulated with some conditions and proved to
get extended from previous results. Existence
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and uniqueness of fixed point are proved using
convergence, Cauchy sequence, and
completeness in ¢, g partial b-metric space. In

addition, some corollaries from the main results
are given and proved.
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