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In this paper, we described about Musielak-Orlicz function spaces of Bochner
type. It has been obtained that Musielak-Orlicz function space L¢ (,u, X) of

Bochner type becomes a Banach space. It is described also about P-convexity of
Musielak-Orlicz function space L, (,u, X) of Bochner type. It is proved that the

Musielak-Orlicz function space L¢ (/Jv X) of Bochner type is P-convex if and only

if both spaces L, and X are P-convex..©2017 JNSMR UIN Walisongo. All rights

reserved.
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1. Introduction

The Orlicz space was first introduced in
1931 by W. Orlicz [1]. Orlicz space theory has a
very important role and has been widely
applied to various branches of mathematics,
one of them on the issue of Optimal Control.
The development and refinement of the Orlicz
space itself is also progressing very rapidly,
one them were Musielak and Orlicz [2] which
develops a functional space generated by a
modular that having convex properties. In this

case, I~¢ (f ) = I¢(t, || f (t]|x )d,u the modular
T

convex generates the Musielak-Orlicz function
spaces of Bochner-type, which is also the
Banach space [3,4].

The convexity and reflexive properties of
the Banach space also has been widely
developed by many mathematicians. Yining,
et.al [5,6] in their paper entitled "P-convexity
and reflexivity of Orlicz spaces" proved that
for Orlicz spaces reflexivity is equivalent to P-
convexity. The same result for the Musielak-
Orlicz sequence and function spaces were
obtained by Kolwicz and Pluciennik [7-9].
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2. Auxiliary Lemmas

Definition 1

f:T—>R" is u-measurable
function. Function f said to be p-integrable, if
there exist sequence function {fn} such that

Given

fn(X)—> f (x)a.e. XeT and for every &>0

there exist natural number n such that

H fi(x)-f, (X)‘,u(dx)< g, for every i, j=n.

.

Hence, the finite value of Iimj f, (X),u(dx), is
T

called Lebesgue integral of function f and
denoted by j f (x) z(dx) orJ. fdu.
T T

Given measurable set X . The setofall u -

measurable functions from X to R denoted
by M(X). It can be proved that M(X) is a
linear space. For 1< p < oo, defined

Lp(X)z{f eM(X)UX|f|pd,u<oo}.

In another word, LP(X) is a set of all
measurable functions f € M(X), such that
|f|p M -integrable in X.

Given f extended real valued function on
measurable set X. Supremum essensial f on E
defined by

esssup{| f (x)]: xe X} =M <3IAc X, u(A)=05sup{|f (x)|:xe X —A} =M.

Then, we defined L"(X) the set of all
measurable functions by the formula

L°°(X):{f :esssupﬂf (x):xe X‘}<oo}.

Definition 2

Given linear space T

Non-negatif function p:T — [O, oo) is called
if for every X,y eT this
conditions below apply

M1) p(x)=0=x=86,
(M2) p(=x)= p(x),

modular on T

(M3) plex+ py) < p(x)+ ply) if @ f<[01]
witha + f =1.

Linear space T that completed with modular
is called modular space and denoted by

(T, p).
Aset BCY,with Y linear space, is called
convex set if for each X,yeB and

a,fpe [0,1] with a+ =1, is applicable
oX+ py € B. Function f:B—>Ris called
convexs, if B convexs and for every X,y € B
and o,p e [0,1] with a+ =1 be valid
f(ax+ fy) < of (x)+ S (y). Furthermore, the
modular p is called comply character convexs
if p is fungtion of convexs. On the next

discussion, the meaning modular is the
modular that comply of character convexs,
Unless otherwise stated.

Theorem 3

(i) If a,0,eR with 0<a, <a,, then
p(alX)S p(azx) forevery x e X.

pr(X)< g forevery £ >0,then X =6.

Definition 4
Given linear space T.

Function ¢:T xR — [O,oo) is called Musielak
- Orlicz function if:

(1) ¢(t,u)= 0= u=0,forevery teT,

(2) #(t,—u) =g(t,u)

(3) ¢(t,.) continu

(4) ¢(t,.) increase on (0,)

(5) ¢(-,u)measurable, for each u € R
(6) ¢(t,-) convex,
#(t.u)

(7) ——=~ —>0ifu—>0onT
u

For the function of Musielak-Orlicz ¢, is

defained of function I¢ L0 - [0, oo) with

1(1)= ot 10w,
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for every f el’. So, can be shown that

function Igj is modular convexs. Then, defined

space of function Musielak-Orlicz L¢, with
L, ={f el®:1,(cf)<oo for some c>0}.

Forthermore, for every of the function
Musielak-Orlicz ¢, is defained of function
¢* ‘TxR —>[O,oo),with
¢ (t,v)= su(EJ{u V] —¢(t,u)},

u>

for every Ve R and t €T . Can be shown that
function ¢” is function of Musielak-Orlicz.
Theorem 5 For every function of Musielak-
orlicz ¢, be valid uv<g(t,u)+e¢"(tv),
u,v=0,forevery teT.

Definition 6 Function of Musielak - Orlicz ¢ is
called comply condition -A,, writes ¢ € A, ,if
that constanta k>0and u,>0 that
¢(t,2u)§ k¢(t, u) JSoreveryt €T and u 2 u,.

Fjﬂthermore, defined function

I, :L°(T,X)—(0,), with

r¢(f):_|.¢<t,||f(t)|x)dy, for every
T

fell (T, X). That, can be shown that
function |~¢ is modular. For the function of
Musielak-Orlicz 9, defained

LX) = < T X)), <L, )
The defained ||.||:L¢(,u,X)—>R, with
[£1=1 N

be shown that (L¢ (,u, X ), ||||) is normed space.

" for every f e L¢(,u,X), can

Theorem 7 Space norm (L¢ (u, X ), ||||)15 space

Banach.
Furthermore, the space function L¢ (y, X) is

called space of function Musielak - Orlicz
type Bochner.

3. Main Result

Definition 8 Given the space norm (X,”.”X )
The set S(X )= {X e X :||X||X 21} is called area

with center O and set U (X ) = {X e X :||X||X < l}
is called disebut closed unit ball.

Definition 9 The space Banach X is called
reflexive if for a £ <0 there O so as ||X - y|| <¢

%(H y){

Definition 10 The space norm linear X is called
P-convexs, if that € >0 and neN so for

every Xy Xy yeeees X, ES(X), be valid
X, _Xin <2@-¢).

JSfor X,yeU(X)With >1-6.

min

i#];i, j<n

Lemma 11 The space Banach X P-convexs if

and only if that n,eN and 6, >0 so for
every X, Xy, Xy € X \{O}that integers

iy, Jo so be valid

|

+|x,
X lo

X. —X.

lo Jo

Xi
o X

26, minf | |,

X 2 Hxio Hx + Hxio

2

Theorem 12 To every of function Musielak-
Orlicz ¢ be valid, if ¢ €A, then for any

a>1that £>1 so ¢(t,§uj£%¢(t,u)for

every UeR, teT.

Lemma 13 Be discovered ¢ and ¢" meet the
conditions A,.

For every ¢e€ (0,1) that of function is
measurable h_:T —>R"  with I¢(h5)< g,
number a(g) € (O,l) and y = ;/(a(g)) € (0,1)
such that for wphd teTbe valid
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( —)<1 }/|¢(t u +¢tv)for every

2
Vv
u=h d |— .
(t) an ‘u<a

Lemma 14 If ¢ € A,, that for every a € (0,1)
there is an undeveloped sequence of measurable

sets of up to {Bg }, so ,u(T \O Brﬁ} =0and
m=1

for every meN, there K. >2 so
#(t,2u) <k’g(t,u)for u ae, teB? and for
every U > of (t),there f of condition A,.

Lemma 15 If ¢ € A, then for everys € (0,1)
there is a measurable function g,:T ->R"
and k., >2 so|¢(gg)<8 and

¢(t,2u)£k8¢(t,u), for pae, teT ,and

Theorem 16 If space Banach X P-convexs, then
X reflextif.

Theorem 17 Be discovered ¢ function

Musielak - Orlicz and X space Banach.
Then the following statements are equivalent:

(@) L, (11, X) P-convex,

(b) L, and X P-convex,

(c) L, reflectif dan X P-convex,

(d) X P-convex, ¢ € A,and ¢" € A,.

Evidence:
(a)= (b)

Be discovered L, (14, X) P-convex. Because of
the space L¢ dan X embedded isometrically
to L, (,u, X) and characteristics P-convex as
well apply on subspace, then obtained L¢ and

X P-convex.

(b)= (c)

Be discovered L¢ and X P-convex. According
to theorem 9, obtained L¢ reflexive.
(c)=(d)

The characteristics of reflexsive on the space
funcion of Musielak-Orlicz L¢ ekuivalen with

peA,and ¢ €A,.

(d)=(a)

Be discovered X P-convex,
¢" € A,.Canbe chosen n, € N.
Then, for teT defined

peA, and

every

f(t)=max{hl(t),g1(t)},
4n, 4n,
there of function h, and ¢, is function

an, an,

1
measureble withe = —.

4n,
as a result, |¢(f)<—. Can be chosen
Ny
a=a. Because ¢@¢eA,, then obtained
1

I |=f <.

"’(a j

Selected set B2 S0 fulfilling

My

1
L fo o

1
Selected | e R so — < 2'. There are numbers

a
Kp, > 2 so0
¢[t,§vjs( . Jotv)for u-aete B? .
when v>a f(t).
Y
Then, chosen —=u and
1 Obtained

(ka )| = IB(a' mO):ﬂmo'

#lt.au)> B, 4(t,u),

For u—hd.te B;O ,and for every U > f(t).
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So, obtained ¢(t,§vj <(k,) ¢(t,v) for
p—ae.teT,and v>f(t), then k, =k ,

4ny

In the same way, obtained ¢(t, au) > ﬂ¢(t, u),

U]

Furthermore, it will be shown that there are
numbers r,e(01) so for  every

X1y Xy ey X,, Space group Banach X and to

X

With T,, = {t eT :maxy {2 w}

For 4—hd.teT,and forevery u>

-1 &
“eSollxl,)

a
Taken X, Xy, ..., X, € X. For example Kis

index so ||Xk ||X = MaX <, {”Xi ”x } '

I. Suppose there I, € {1, 2,..., no}\ {k}
Wix < a.
Ixc
Because %] = ? > f(t) for

pu—aeteT,,soobtained

At X <4t X1l + %l
: F —

<Ll ], ) o, )

Based on characteristics convex of ¢( ,.) for
u—ae teT, obtained

"z“z“v{n s

i~ Xk

h

(II X )5 (o¢( tx, )
(II % )——Z¢( tx)

0 i=1

d ] m LS ol ) ok, ool )

s (T ]

for u—ae.teT,.

IL. It is assumed that for all

i = K apply X >a.

X
I,
Then ||Xi || >0, for every i#K. Can be taken

iy, Jo-and assumed that

X.
a <l Sl.
X a
Jollx
On the other hand, haved
X, min{xiox,xjox} mln{ olly jox}
a> X > >
; X
ol macp ] ol Il
So it's a contradiction. So obtained

Xi, =X <(]_— 256') Xi X %5, X
2 « B l+a 2

Based on characteristics convex of ¢(t,.) for
1—ae. teT, obtained

¢(t' X, ;X,—o }g%(l—a)@(t,uxioux)+¢(t, X;, x))
With o = zﬁ € (0,1). so, obtained

1+a
e NN

-1
”°2 > ol ], )-adbalx )

(II X )= (o¢0lxk|| )
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Obtained,
n,—1 (lﬁ & b Mo f (t Ny
<52 olelxl,)- 2L S sl Ix, ) zz{ -1 JSA(”ojz¢(t,||fi<q|x)
i=1 0 i=l 1 X N,y 2 )3
- noz—l( ~ Znaﬂ_l ]Z¢( I, ) for u—ae.teE UE,, with r =max{r,r,}.
obviously I e (O,l). Furthermore, from the
for p—ae.teTy. define set E and function f , obtained
Defined N -
s (fix
rl:max{l— Y 11— 2af3 } Z ' T\E
Ny (nO _l) Mo (nO _1) takent e E22 then obtained
Then the number can be determined 1, € (0,1) Z | ¢ .?(E22 _[¢ ”f t]| )dfu
) be valid =L E,\B],

By

i=1 j=i

1 &
r2;¢(t’”xi”x) < _[ nofo(tlmaxlsisno{

E,\BE,

6, (0] e

, for every X;,X,,..,X, component space

- a f(t
Banach X and for x—hd.teB; comply < J‘ n0¢(t, ()jd
maks,,, {“Xi”X}Z f(t). Then proved true E,\B3,
with

2
r,= max{l— Y 11— %P, }
N (np=1)" ng(no—1) .
Taken fi ot € S(L¢ (,u, X)) and Onbtamed n n

defained n ; I ¢(fiZT\(E1uE21)): ; |¢ J(T\E Z I ¢( IZEZZ)
- {t DY SICREN f(t))}. * *
f (t)Hx}z f (t) for

every t € E. Furthermore E divided into the )
following two subsets: z°i¢(f e )> n -1
iAEUE,, /=" .

f(t i
E = {t €T maXyc, {‘ f (t)Hx } > %)}' and obtained l

T et -
()\\X}<%§}'¢(2(ff,)j21;|¢[2(f e, J ZZI [ ot )

< j n@[t,?}dy < 1

T\B;}0 2

i)ecause ||fi||:1 for i=12,..,n, and g€ A,,
Obviously that, max,._, {

then i¢(fi):1 for i=12,...,n,.as aresult,

f.(t

E, :{teT ; f(t)gmaxjéisno{

ny ~

Defined set E, dan E,, as follows Si(n;jzo‘,ivf(fiﬂ(n(au@l) ( JZU( .ZEluEu)
E, =E,NB.,and E,, =E, \BZ . Mo\ 2 /5=
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is proved that reflexivity is equivalent to P-
) convexity.

n, - n, ~

ST TS O

no i=1 i=1 0

% (1_P_sz°li¢<fim>]

(LR ()

N

So, be found il,jle{l,Z,...,no} so that

i,{%(fh—fh)jﬁl—p.

as a result, because obtained

1
E(fil - fhi

obtained that space L, (14, X) P-convexs.

peA,,

<1-q(p), with 0<q(p)<1.

4. Conclusion

Modular I, (f ): Iqﬁ(t, f (t))d,u generates
T

the Musielak-Orlicz space
L,={fel’:1,(cf)<oo for somec>0}.

function

Furthermore, for every Musielak - Orlicz
function o, we define function

¢*(t,v)=sup{u|v|—¢(t,u)}, which is also a
u>0

Musielak - Orlicz function and it is called the
complementary function in the sense of Young.

Modular |~¢(f ) = I(b(t, || f (tmx )d,u generates
T

the Musielak-Orlicz function spaces of Bochner
type L, (1, X)={f € (T, X):|f ()], €L, }-
Furthermore, L¢ (/1, X) is a Banach space.

The Musielak-Orlicz function spaces of
Bochner type L, (,u, X) is P-convex if and only

if both L¢ and X are P-convex. Furthermore, it
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