J. Nat. Scien. & Math. Res. Vol. 8 No.2 (2022) 120-128, 120

SJOURNAL OF

NATURAL SCIENCES

AND

Available online at http://journal.walisongo.ac.id/index.php/jnsmr

Complete purely algebraic proof of the homomorphism between SU(2)
and SO(3) without concerning their topological properties

Muhammad Ardhi Khalif', Nur Farida Amalia®
!Physics Department, Universitas Islam Negeri Walisongo Semarang, Indonesia
2Physics Department, Universitas Diponegoro, Indonesia

Abstract

The aim of this paper is to provide a complete purely algebraic proof of homo-
morphism between SU(2) and SO(3) without concerning the topology of both
groups. The proof is started by introducing a map ¢ : SU(2) — ML(3,C) de-
fined as [@(U)}ij = ltr(o;Uo;U"). Firstly we proof that the map ¢ satisfies
[@(UlUg)]ij = [@(Ul)]ik[go(Uz)]kj, for every Uy,Us € SU(2). The next step is to
show that the collection of ¢(U) is having orthogonal property and every ¢(U) has
determinant of 1. After that, we proof that ¢(I) = Is. Finally, to make sure that
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¢ is indeed a homomorphism, not an isomorphism, we proof that p(—U) = ¢(U),

VU € SU(2).
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1. Introduction

The study of rotation groups has been carried out in
both mathematics and physics and in various topics.
Discrete rotation has been studied in [14, 16]. Topo-
logically and geometrically, rotation group has been
studied in [17, 22, 8, 20, 18, 7, 19]. In representation
theory, rotation groups has been studied in [2, 16, 1,
4, 15]. In physics, the application of rotation group
has been discussed in [24, 1, 11, 10, 25].

Any transformation in a vector space are classified
as rotation transformation if it preserve the norm of
vectors in that vector space. Some authors called it as
orthogonal transformations [12]. The set of rotation
transformations in a vector space usually form a group
classified as rotation group.

As an example, if we let the vector space is R3,

homomorphism, rotation group, orthogonal group

then the rotation group in that space is SO(3), which
is defined by[24]

SO(3) ={A € GL(3,R)|AAT = ATA=13}. (1)
As another example, if we let the vector space is H, a

space of all 2 x 2 complex hermitian traceless matrices,
that is[24]

H={H e ML(2,C)|H' = H dan tr(H) = 0}, (2)
then the rotation group is SU(2) which is defined
by[24]

SU(2)={U e GL2,C)|UTU =UUT =1, 3)
and det(U) = 1}.

We also know that one of the topological properties of
SU(2) is simply connectedness [9]. Meanwhile, SO(3)
is not a simply connected topological group[23].
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In various literatures discussing groups SU(2) and
SO(3), we usually find a statetement that there is
a homomorphism from SU(2) to SO(3). The homo-
morphism of group SU(2) to SO(3) play an impor-
tant role in quantum mechanics, especially when we
dealing with electron spin of Pauli theory [3, 13, 21].
Cornwell in [5] give the proof by considering the sim-
ply connectedness of SU(2), especially when arguing
that the homomorphism maps any elements of SU(2)
into SO(3), rather than into O(3). Donchev et.al in [6]
gave the proof by using the Cayley maps for the iso-
morphic Lie algebras su(2) and so(3). Sattinger and
Weaver in [23] construct the homomorphism between
SU(2) to SO(3) by creating mobius transformation
for a rotation of SO(3).

Nevertheless, as long as our searching in various
literatures, we never found a complete explicit com-
putation of homomorphism from SU(2) to SO(3) by
purely algebraic ways, without concerning their topol-
ogy. Motivated by this fact, in this paper we give an
explicit complete purely algebraic proof of homomor-
phism of SU(2) to SO(3) without concerning their
topological properties. We hope this research will give
an alternatif explanation of homomorphism SU(2) to
SO(3) without having to learn topology first.

2. Rotation in R?

Each element X in R3 can be expressed in the follow-
ing form

X = |a? (4)

3

where !, 22,23 € R. The norm of X is defined by
IX)? = XTX = (22 + (22 + ()2 (5)

Every A € SO(3) is a rotation transformation in R3
since if X’ = AX, where X € R3, then it follow that

IX'|?=XTX" = (AX)T(AX) = XTATAX
= XTI, X = XTX = | X|°.

3. Rotation in H

According to the definition of H, every V' € H may be
expressed in the following form

3 1_ .2
x xt —iz
V(i T 5). ™
One of bases in the vector space H are the following
three Pauli matrices

A ) B (O
(8)

so that each vector V' € H may be expressed as follow
V =2toy + 2209 + 2203 = 2'0;. (9)

Note that the above three Pauli matrices satisfy the
following properties

tr(oi) =0, (10)
ol = o, (11)
0,05 = ’iEiijk -+ 5ij]I27 (12)
for all 4,7,k = 1,2, 3, where ¢, is defined by
1, (ijk) = (123), (231), (312)
€ijk = § —1, (ijk) = (213), (132),(321) (13)
0, others
and ¢;; is a kronecker delta defined by
1 L
=3 (14)
0, i#J
The norm of V' € H is defined by
VI = —det(V) = ()2 + (022 + @2 (15)
The rotation of V by U € SU(2) is defined by
V' =UVUT, (16)
since V' is hermitian matrix, that is
vt =wvuh' = wuhHiviut =uvvut =v', a7)
and traceless, that is
tr(V') = tr(UVUY) = tr(VUTU) = tr(VI) as)
=tr(V) =0,
and also having same norm as V, that is
V'|?> = —det(V') = —det(UVUT)
= —det(U)det(V)det(UT) (19)

=—1-det(V)-1= —det(V) = |V|*.

4. Homomorphism from SU(2) to SO(3)
In order to find a homomorphism from SU(2) to
SO(3), we note that V' = 2'io; = UVUT and V =

x'c;. Hence, by using eq.(12) we obtain

1 1
2t = §tr(oiV’) = itr(UiUVUT)

1 .
§t7“(aiUx70jUT). (20)

1 .
= itr(aiUUjUT)xJ.
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Meanwhile we know that if a vector X =
(x! 22 23)T € R? is transformed by A € O(3), then
we will get a new vector, say V' = (2/! 22 )T,
according to formula

ri AT g
z" = [A]" ;2. (21)
Hence we may conclude that the entries of matrix A €
SO(3) may be written in the expression of the Pauli
matrices as follow

(22)

J

; 1
[A]", = itT(O'iUO'jUT).

More over, we can try to start from a map ¢ :
SU(2) = ML(3,C) defined by

), = str(oUoU),
and then show that [p(U)] is in SO(3) whenever
U € SU(2). According to eq.22, eq.21 and eq.20, it
is clear that that ¢(U) defined in eq.23 is belong to
O(3). However in this article we will show that ¢(U)
in eq.(23) is an element of O(3) by using the property
of orthogonality of the elements of O(3), i.e. for every
A € O(3) we have

(23)

DO | =

AAT = AT A =1s. (24)

Now for first callculation we will prove that the map
 satisfy

[p(ULU2)]"; = [p(U)]) [o(U2)];,

for every Uy, Uy € SU(2). This will provide us the ho-
momorphism property of the maps defined in eq.(23).
By using eq.(23), the right side of eq.(25) become

(25)

PO o)) = gtr(tiont]) 3 tr(owUao;U)
— itr(akamUﬁt?"(UkUZJjU2T)
— it?"(o’kgli)tr((ﬂcgéj)a
(26)
where
Qi = U]IUiUlm

1o = UpoyUj. (27)

According to the definition of trace, eq.(26) become

[o (U] e (U2)]*; = }([O'k}a,@[Qli]ﬂa)([akwé[ﬂéj]é

4 v
= *anﬁé[ﬁu}ﬁa[ﬂzﬂéw
(28)
where
E%s = [ok]"glow]"s (29)

Note that since «, 3,7,6 = 1,2 there are 16 combina-
tions of o, 8,7, d. The computation of those 16 values
of 2%7 ;5 are given below :

' =[]y [on]") + [o2]' [o2]'y + [os][os]
—04+0+1=1

M5 = [o1]"[01]", + [o2] ' [o2]' + [o3]' [os] ',
—04+0+0=0

91 = [o1]'5[01]" + [o2] 5lo2]"y + [os]ylos]
—0+0+0=0

2241 = [o0)"[01]?) + [o2]' o2, + [01]* 4 [05)%,
—04+04+0=0

[1]
S}

Y1 = [o1]%[o1]" + (02 [o2]" + (03] [os]Y
—0404+0=0
22 = [o1]'5lo1]'y + [02] 5 [02]"5 + [o3] 5 [o3]"
=1+(-1)4+0=0
%12 = [o1]"[01]%5 + [o2] ' [02)5 + 03] [03]%,
=0+0+(-1)=-1

11

—_
—

1

(1]

22, = [0 [01]"5 + [02]% [o2]' 5 + [03)% 1 [o5]'
—14+140=

2y =2 =1

2241 = [01)%[01]?) + [02]?, [o2]?) + [o3])*[03]%,
—1+4(-1)+0=0

=12 _ =21 _

— 21 — = 12 —

2299 = [01]'5[01)%, + [o2] 5 [02]?, + [o3]' 5 [05],
—04+0+0=0

By =E%p% =0

2215 = [01)*[01)%, + [02]? 1 [02]?, + [o3]*, [03]°,
—0+0+0=0

B2, =222,,=0

2299 = [01)%5[01]%, + [02]2[02])%, + [03]%,[03]%,
=04+0+1=1.

By using the above 16 values of 2*7 g5, eq.(28) become

[o(UD] L [p(Ua)]F; =
(ST LN (o7 LA 19 T o

+ 2[911']12[9/23‘]21

+2[Q0]%, [929,11, — Q] Q)%

— [Qui]?,[05,]")
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= LTI, + 101
1] 0%, + [0l (2,11
— ([T 9,1, + [ 0,7,
100 [, + (] )

= L tr(uio,)
— ([ [0, + [0, [05,1%,
F I 95,1, + (2007 (25,1)

= 12 (9%,
— ([, ([92%,11, + [25;1%)
(0,11, + 19,1%,))

= 2 tr(noy,)
— (] + 0[], +19,17,))

= L (I0%,) ~ (tr(@)er(@L,)) (30)

According to the definition given in (27) and the prop-
erties of o; given in eq.(11) and (10) then Q; and Q},
are hermitian matrices, because

91];31 = (UkUiUJI)T = UkUiU;I = Quy,

(31)
Q= (UloUp)t = UloUy, =
and they are also traceless because
tr(Qp) = tr(UposUl) = tr(UfUpoy) = tr(o;) = 0,
tr(Q,) = tr(UloiUy) = tr(UyUl o) = tr(o;) = 0.
(32)

By using the two properties of €, and Q), above,
eq.(30) may be written as follows

(U] o)) = 7 (2 tr(20][25,))
— (1)t (%)

= i(Z ~tr([Q14][Q3,]) — 0-0)

_ %tr([ﬂu‘] [2;]).
(33)

Finally, according to the definition of Q; and Q},, we

get

(U4l = ([, ])
= %tT(UIUiUlUQO'jUg)

1
= itT(O'iUlUQO'jUgUf) (34)

= %tr(o‘i(Ule)Uj(UlU2)T)
= [@(U1U2)]ij'

Next we will prove the following two conditions
p(U)p(U) =13

for all U € SU(2). The first condition is needed to en-
sure that the collections of ¢(U) is having orthogonal
property and the second condition is needed to ensure
that ¢(U) is belong to SL(3,R), for every U € SU(2).
The first condition may be written in the expression
of matrix entries as follows

Lo ()] el @)T]*; = bij-

and det(p(U)) = 1. (35)

(36)
, 1

[e)T]Y; = [y, = 5tr(o;UakUT),  (37)

then the left side of eq.(36) become

i 1 1
(@) L lp()T]F; = itT(UiUJkUT)itT(UjUUkUT)
= itr(akUTin)tr(akUTajU)
= itT(Uin)t’l“(Uij).
(38)

By doing the similar computation as was done from
eq.(28) until eq.(33), then the last equation become

O o)1, = 5 r(0:8)

1
= 5tr(UTaiUUTajU)
1
= §tT(UTO'iO'jU)
1 n 1
= itr(UU 0i0;) = itr(oio'j).
(39)
Next, by using eq.(12), eq.(39) become
, 1
(o)) [()T; = §tr(l€z‘jk0k + 0i;12)
(40)

) 1 1
= leijkitr(o'k) + i(sijt’l“(l[z).
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However according to eq.(10) and tr(Iy) = 2, we ob-
tain '
(o)) L)) = 6ij,
that is o(U) € O(3), YU € SU(2).
For the second condition in eq.(35), according to
the definition of determinant of a matrix, det(¢(U))
may be written in the following form

det(p(U)) = e [p(U)]';[p(U))?; [0 (V)]

Using the definition of ¢(U), then we have

(41)

(42)

1 1
det(p(U)) = GWgtr(glUUz’UT)itr(azUajUT)
X %t?’(ngJkUT)

:é@jktr(glgg)tr(mQ;)tr(am;c) w3

L S RN A

Iy ©w?

where

[ g5, = [01]% gloa] 5[os]",- (44)

There are only 8 combinations of «, d, i, 8, 6, v having
non zero values, that is

Tog = [on]' o) plos]y = 1- (=) - 1 = —i,
F112222 = [01]12[02]12[03]22 =1 (*Z) ’ (*1) =1
D20 =[] yloe)® o)ty =1 (1) - 1 =1,
I‘122212 = [01]12[02}21[03]22 =1-()-(-1) = —i,
2o = [0 [o2) ylos]ty = 1- (=) - 1= =i,
[21%19 = [0, [o2] plos]?y = 1+ (=) - (1) =i
2240y = [0 [o2)? [os]ty = 1-(4) -1 =14,
U221 = [0 [o2)% [os]?, = 1- (4) - (—1) = —i.
(45)
Now eq.(43) become
det((U) = e~ 194, [04)',

+ [, 1517 [)%,

+ )2 [5]0, [

— i) [, [ (46)

— Q] [5)% 1]

+ Q] [51% (%)%

+ ][], 0]

— Q][] [0)%5)

By arranging the term we obtain

1.
= SIS (2, (942

7

— [P 5", (1%)%, -

K2
1 ..
= e ()19

x (%], = (%))

1

[
(
— 1)L, (%)%, —
+ ], [5)7, (14)%,
([2]%
]

(47)

. %z’eijk(% I (%], [2412)) (~2[%]",)

J

_ %ew‘klmqa;h[93121)[92}11

eI GR(CANCARR A
+ 2P Tm([25], (247 (%]
+ P Im([Q5]1, [21]%) (5]
04 )
+ e m([Q5)", [Q5]7 ) []
+ 63211m([9§,]12[9/2]21)[9/1]11]

- % Klm(mﬂlg[%ﬁ) — Im([2]"
x [
+ (Im([Qg]12[Q'1]21) — Im([]",
X [9/2]11

The values of [Q}]',, [Q]?,, and []",, for i, 5,k =
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1,2, 3, are given below
[9/1]12 = [UUlUT]IQ
= (U)11(01)12(UT)22 + (U)12(01)21(UT)12
= cos 0e’S cos Be’S — sin fe' sin e
2i¢ 2in

= cos? ¢ — gin? fe

(4%, = [Ua U
= (U)*1(01) (U2 + (U)%5(01)) (UT)l
= sin e ™" (—sinfe =) + cos e cos fe

= —sin? 0e 2 4 cos? Pe ¢
(50)

[9/1]11 = [UUlUT]11
= (U)12(01)21(UT)11

= — sin A cos fe ¢ — cos fe’C sin fe

+ (U)11(01)12(UT)21

—in

= —cosOsin (e M 4 HC=M)
= —2cosfsinfcos(¢ —n)
(51)
[9/2]12 = [U‘72UT]12
= (U)12(02)21(UT)12 + (U)11(02)12(UT)22

= —sin #e™ (4) sin fe’™ + cos fe’* (—i) cos e

= —i(sin? e* 4 cos? )

(52)
[9/2]21 = [UUZUT]21
= (U)21(‘72)12(UT)21 + (U)22(02)21(UT)11
= sin e~ " (—4) — sin fe "
+ cos Be =% (i) cos fe %
= i(sin? e~ 2" + cos? fe2C)
(53)
[95]11 = [UU2UT]11
= (U)11( )12(UT)2 (U)12(02)21(UT)11
= cos e’ (—i)(— sin fe™™)
— sin fe™ (i) cos e
= icosfsinf(e ¢ — ¢~ HCTm)
=i cosfsinf(2isin(¢ — n))
= —2cosfsinfsin(¢ — n)
(54)

[Q4]', = [UasUT',

= (U)ll(UB)ll(UT)IQ + (U1)2(03)22(UT)22
= cos 0e’S sin Be™ + cos e’ sin fe™

= 2cos f sin P (¢

[93}21 = [UUBUT]21

+(U)5(03)%,(U")?

’L

= (U)?(03)", (UM,
= sin fe ™" cos fe "¢ + cosfe”

= 2cos 0 sin fe (T

sin Qe *"

(56)

[Qé]l1 = [UU3UT]11

= (U)11(03)11(UT)11 + (U)12(U3)22(UT)21
= cos e’ cos fe ™ 4 (— sin #e™)(—1)(— sin fe =)
= cos? § —sin® 6

(57)

Now, we can compute the values of Im([€2}]*, [Q;»]zl,
for all 4,5 = 1,2, 3, as follows

m([Q)]1,[Q5]%,) = Im((cos? #e** — sin” fe™)

x (icos® e 2 4 isin® he=2M))
= Im(i(cos* 6 —sin* @
+ cos? 0 sin? e ()
— cos? B sin? fe=2H(C—)))
= Im(i(cos® @ —sin* @
+ cos? @sin” H(cos 2(¢ — 1)
+isin2(¢ —1))))
— cos® #sin? B(cos 2(¢ — 1)
—isin2(¢ —n))))

= cos*f — sin 6
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Im([Q5]",[Q1]%,) = Im((—i sin? e*™ — i cos® He?¢)
x (—sin? e~ 2" 4 cos? fe=2%)) Im([Q5]",[Q4]%,) = Im((—i sin? 0e*™ — i cos? He*™¢)
= Tm(i(sin* 6 — cos® § X (2 cos fe™ " sin e ™))

+ cos® fsin® e (<) — —2Im(i(sin® § cos fe ~* (¢~

— cos? fsin? fe=2(C—)))
= Im(i(sin* 6 — cos* 0

+ cos? O sin? A(cos 2(¢ — 1)
+isin2(¢ — 7))

— cos? fsin? B(cos 2(¢ — n)

+ cos® 0 sin e’ ¢ M)

= —2Im(i(sin® 6 cos O(cos(¢ — n)

—isin(¢ — 7))
+ cos® 0 sin §(cos(¢ — 1)
+isin(¢ —1n))))

= —2(sin® f cos 0 + cos® O sin §)

x cos(C — 1)

—isin2(¢ —n))))
= Im(i(sin* § — cos* 0
+ 2i cos? fsin? fsin 2(¢C — 7)))

= sin* 0 — cos? 6

(62)

(59)

Tm ([Q5],[Q1]%,) = Im((2 cos 0’ sin Ge™)

x (—sin? fe 2" + cos? fe~2C))

= 2Im(cos® # sin e~
— sin® 6 cos fe’ (6=

= 2Im(cos® f sin A(cos(¢ — 1)
—isin(¢ — 1))
— sin® 0 cos O(cos(¢ — 1)
+isin(¢ —n)))

Im([Q5]"5[Q5]%,) = Im((2 cos fe’ sin fe™)
x (isin? e~ 2" 4 4 cos? fe %))
= 2Im(i(sin® 6 cos e’ ¢~
+ cos® 0 sin fe "1 E)))
= 2Im(i(sin® @ cos f(cos(¢ — 7)
+isin(¢ —n)))
+ cos® fsin O(cos(¢ — 1)

(e ~isin(¢ ~ 1))
= —2(cos™fsinf + sin” § cos ) = 2(sin® 0 cos @ + cos® Osin 0)
x sin(¢ —n) x cos(C — 1)

(60) (63)

Im([Q4],[Q%]%,) = Im((cos? fe** — sin? he*™")

x (2 cos fe ™ sin fe "))

= 2Im(cos® § sin G’ (¢~
— sin® 0 cos e (¢~

= 2Im(cos® O sin A(cos(¢ — 7) (
+isin(¢ — 7))
— sin® § cos O(cos(¢ — 1)
~isin(C — ) x cos(C — 1)

= (cos® §sin 6 + sin® 6 cos 0) — 2(sin® f cos  + cos® O sin 0)
x sin(¢ — n) (64)

Finally, eq.(47) become

((cos* 6 — sin* )

DO =

det(p(U)) =
61)

— (—cos? # — sin 0))(cos® # — sin? 9)

+ (—2(sin® @ cos @ + cos® O sin A)
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x cos(¢ —n)(—2cos@sinf cos(¢ —n))
+ ((—2(sin® @ cos 6 + cos® sin )
sin(¢ — 7))

— 2(sin® f cos 0

+ cos® @sin B) sin(¢ — 7))

X (—2cosfsinfsin(¢ — 1))

+ 8(sin 6 cos 0) (sin?  + cos? 0)

X (cos @ sin )]

1
=3 [2(cos? 6 — sin? 0)? 4 8 sin? cos? 6]

(65)

1

= 5[2(:0549—4cos2ﬁsin29+2sin40
+ 8sin?  cos? 6]
1

= 5[2 cos® 0 + 4 cos® O sin? 0 4 2sin’ 6]
1 2 Loy L

= E[Q(COS 0 + sin“ 0)°] = §~2: 1.

Of course we have

i1 1
lp(l2)]; = 5”(01-]120]-]1;) = §tr(aioj)

1
= ftr(ieijkak + 5,‘]‘]12)

2
1,

= §(zeijktr(ak) + §ijtr(112)
1

= 5(0+25;5) = dij,

so we can conclude that ¢(Iz) = Is.

These result shows us ¢(U) is in SO(3) for every
U in SU(2). Finnaly by using the result obtained in
eq.(34), we concluded that map ¢ defined in eq.(23)
is a homomorphism of SU(2) to SO(3). So, instead
of considering the topological properties as in [5], we
have proved by purely algebraically that the maps de-
fined in eq.(23) will maps any elements of SU(2) into
SO(3). Moreover, according to definition (23), it fol-
lows that

[(-U)); = gtr(o(~V)oy(~D))

5. Conclusions

proof of ho-
rotation  groups,

purely algebraic
between  two

The complete
momorphism

SU(2) and SO(3), was given by introduc-
ing a map ¢ SU((2) — SO(3) defined as
[ap(U)]ij = 1itr(o;Uo;UT). The proof was ob-

tained succesfully by doing algebraic calculation,
without concerning the topology of both groups.
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