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ABSTRACT

In this paper, we define and investigate the properties of null Bézier curves in Minkowski 3-space. The
method applied is a theoretical literature study, applying the definitions of Bézier curves and the
geometric framework of null curves in semi-Riemannian geometry. We establish several fundamental
characteristics of these curves, including the causal nature of their tangent vectors at endpoints and their
Frenet frame apparatus when parametrized by pseudo-arc length. Furthermore, we define the concept
of a null Bertrand pair for such curves and prove that if a null Bézier curve of degree n=3 admits a
Bertrand mate, then both curves are necessarily helices. Finally, we provide a conclusive parametric
representation of any null Bézier curve in terms of a single non-constant function. This representation
offers a powerful tool for explicitly constructing null Bézier curves within this geometric setting.
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Introduction

Since the second half of the twentieth century, the theory of differential geometry in semi-
Riemannian space has been active area of research in differential geometry due to its applications
in various fields especially in physics. For instance, physicists study gravity and general relativity
by applying the theory of differential geometry in Lorentz-Minkowski space. Comprehensive
study about differential of curves and surfaces in Minkowski space can be seen in (Lopez, 2014).
Based on their tangent vectors, curves in Minkowski space are categorized into three types, i.e.,
spacelike, timelike and null curves. Properties of non-null curves can generally can be derived
from those of curves in a Riemannian manifold. However, the geometry of null curves is different
since the arclength vanishes, so that it is not possible to normalize the tangent vector in the usual
way. As a consequence, a different approach is needed to study null curves. Some studies about
null curves can be seen in some references (Duggal & Jin, 2007; Ferrandez et al.,, 2001; Inoguchi
& Lee, 2008; Liu & Jung, 2017; Sakaki, 2010).

Bézier curves were developed by Pierre Bézier in the 1960 at Renault Automobile, who
devised a mathematical method of curves for the drawing of technical drawing in aeronautical
and mechanical design (Rogers, 2001). Bézier curves and surfaces are widely used in Computer
Aided Geometric Design (CAGD) and Computer Graphics (CG) with given control points and are
formed uniquely by the Bernstein basis functions. As a consequence, the concepts of Bézier curves
have been applied in many areas of science, technology and medicine. Fierz in (Fierz, 2018)
developed a method to calculate likelihood ratios for plasma amyloid-beta biomarkers for
Alzheimer’s disease by using Bézier curves. Other applications of Bézier curves can be seen in
some references (Deslierres, 1998; Harada & Nakamae, 1982). There have been many books and
research articles which can be used to study about Bézier curves (Buss, 2003; Goldmand, 2019;
Marsh, 2005; Yang & Zeng, 2009). In Minkowskian space, (Samanci et al., 2019; Samanci, 2018)

113


http://journal.walisongo.ac.id/index.php/jnsmr
mailto:arfah@unm.ac.id

J. Nat. Scien. & Math. Res. Vol. 11, No. 2,113-121
Arfah (2025)

have studied the timelike and spacelike Bézier curves. We give some basic information about the
Bézier curves. Then we define the null Bézier curves and some corollaries. We also define the null
Bertrand pair of null Bézier curves and show that both curves must be helices. Next, we give the
parametric representation of a null Bézier curve in terms of a non-constant function.

Methods

The method of this research is literature study. Research begins with study about the
theory of the Bézier curve and the geometric properties of the semi-Riemann manifold, especially
about the Null curve in Minkowski space. Next, applying the basic definitions, and the existing
results from the related work, we build the definition of the null Bézier curves in Minkowski Ri
and investigate this new type of curve.

In this section, we provide some definitions, theorems and notations that underlie the
main results.

Let (R3, g) be a Minkowski 3-space defined by the Lorentzian metric

9(x,y) = —x1¥1 + X2¥2 + X33,
where x = (xq,%5,%3) and y = (y1,¥,,v3) are vectors in (R3,g). Based on their causal
characteristics, a vector v € (R3, g) is said to be spacelike if g(v,v) > 0 or v = 0, timelike if
g, v) <0, or null if g(v,v) = 0 and v # 0. In Minkowski 3-space, a curve is a spacelike (resp.
timelike or null) if the tangent vector along the curve is spacelike (resp. timelike or null).

Let r: I —» R3 be a null curve parametrized by pseudo-arc length s. Suppose T, N, and B denoted

the tangent, principal normal, and binormal vectors of the curve r. The Frenet frame of r can be
expressed by

T(s) =71'(s), N(s) =71"(s), B(s) =—r""(s) — %g(r”’(S),T”’(S))T’(S). (1)
where

(T(s),T(s)) = (B(s),B(s)) = (T(s),N(s)) = (B(s),N(s)) = 0
(T(s),B(s)) = (N(s),N(s)) = 1.

Therefore, the Frenet formula of curve r is given by
T'(s) =1'(s), N'(s) = k(s)T(s) — B(s), B'(s) = —k(s)N(s), (2)

where k denotes the null curvature of r and is given by

k() = =3 g(r"(s),7"(s)). (3)
(Liu & Jung, 2017)

Bézier curves are polynomial curves which have a particular mathematical
representation. A Bézier curve of degree n specified by a sequence of n + 1 points which are
called control points. The polygon obtained by joining the control points with line segments in
the prescribed order is called the control polygon.

Definition 1. Let n + 1 control points by, by, ..., b, the Bézier curve of degree n is defined to be
B(t) = Xizobi Bin(t), t €[0,1] (4)

where
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n!
(n—=i)'i!

Bi,n(t) = (1 - t)n_iti, if 0 <i<n (5)

are called the Berstein polynomials or Bernstein basis functions of degree n.

Bézier curves of dimension 1, 2, and 3 are called linear, quadratic and cubic Bézier curves,
respectively. The first derivative of n degree Bézier curve B(t) is defined by

B'(t) = Xizobi B'in(0), t € [0,1]. (5)
For more general, the rth derivative of the Bézier curve denoted by B(") is given by

L8O - L5 Bi.A'by, 7)

dacr (n-r)!

where A"b; = Y1, s

=0 (—1)" /by j and A"h; = A" 1b; .y — A"71b; for b; € R (Samancy,
2018).

Result and Discussion

Definition 2. The Bézier curve of degree n B(t) = X1~ b; B;,(t) for b; ER3,i = 0,..,nand t €
[0,1] is called a null Bézier curve if the tangent vector B'(t) is a null vector for all ¢t € [0,1] in
minkowski space R3.

It follows that in the casesn = 1,n = 2, and n = 3 correspond to linear, quadratic, and cubic null
Bézier curves, respectively.

Definition 3. Let by, by, ..., b, € R3 and B(t) = X7- b; B; ,(t) is null Bézier curve. The first order
derivative of B(t) is called hodograph. If Ab; = b;,; — b; fori = 0,1, ...,n — 1 are null vectors in
the same cone then the hodograph curve of B(t) is a null curve in the same cone. We call this

curve null hodograph curve.

Theorem 1. Let B(t) is a null Bézier curve of degree n. The the first derivative of B(t) can be
expressed as

B'(8) = n21g (Bican-1(8) = Bin1 (D)) by, £ € [0,1] (8)

Proof. Consider the null Bézier curve

B®) =) hiBia®, teol]
i=0

where

n! . _
Bin(t) = m(l -t if0<i<n

Then,
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Bl (t) = —"—(~(n — (1 — O™l +i(1 — o)~ ieiT)

(n—-0)!i!
=n (Bi—l,n—l(t) - Bi,n(t))-

Therefore,

' b '
B'(6) = 28 = 3 by B'in(6) = Zig (Bicane1(6) = Binoa (8)) by

fort € [0,1].

Theorem 2. Let B(t) be a Bézier curve of degree n. The first derivative of B(t) can also be expressed
as

n

B’(t) = Z n Bi‘n(t)Abi,
i=0

where Ab; = b; 1 — b;.
Proof. From equation (8) and using the fact that B_; ;,_1(t) = By, ,—1(t) = 0, we obtain
B'(t) =X in (Bi—l,n—l(t) - Bi,n—l(t)) b;
=21 nBim1n-1() by — XizonBin-1(t) b;.
Renumbering the first summation gives
B'(t) = X159 nB 1 () by — X1g nB; -1 (t) b
= X150 Bin-1(t) Ab;,

Theorem 3. Let B(t) be a null Bézier curve of degree n. The tangent vectors at the initial and end
points are null vectors.

Proof. Let B(t) be a null Bézier curve, then

dB(t)
dt

=n AbO

for t = 0. It implies that g(Aby, Aby) = 0 and hence, Ab, is a null vector. Similarly, if we sett = 1,
we have

dB(t)
dt

=n - Abn—l-

Since g(Ab,,_1,Ab,,_1) = 0 then Ab,_, is also a null vector, and this completes the proof.

Next, we show some causal characteristics of null Bézier curves parametrized by pseudo-arc
length in Minkowski 3-space. Therefore, we first introduce the pseudo-arc length as follows.
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Definition 4. Let B(t) be a null Bézier curve of degree n. We say B(t) is parametrized by the pseido-
arc length lﬁg(B”(t),B”(t)) =1and

w=u(t) = ft t ((B"(t),B"(t)))l/4 dt

is called a pseudo-arc length parameter.

Let a(u), B(u), and y(u) be respectively the tangent, principal normal, and binormal vector field
of null Bézier curve B(u) in Minkowski 3-space. Then, we have the following theorems.

Theorem 4. Let B(u) be Bézier curves of degree n in Minkowski 3-spaces parametrized by the
pseudo arc-length u. Then there exists a Frenet frame {«a, (3, v} satisfying the following equations

a=nXy Bl (W) by — by)
B = ®—n) X7 Bl 2 (u)(b; — biy1 + biyz)
Y= 3 =3n%+ (2 +1)n) X155 Bl > (W) (=b; + 3biy1 — 3biy + biys)
+rn(n — D1 — W) 2by_; + k((n — Du™2 — nu™ )b, _y + ku™ by,
where the null curvature k of B(u) is given by
k= =2 (1 — 30 + 20)2|| 75 BI P W) (—b; + 3bigs — 3biaz + by ©)
Proof. Using equations (1) and (3), we get
y = (n® = 3n? + 2n) X755 B3 (W) (=b; + 3byy1 — 3bisz + biy3)
+in B15g B (W) (biyq — by)
= (n®-3n%+ (2 + kK)n) X1=¢ B3 (w)(—2b; + 4bjy1 — 3bjyz + biy3)
+1n(BR=3(w) (bnoy — b—z) +xn (BRZ3(w) (b — by-1))
= (n® —3n? + (2 + 1)n) X755 B> () (—2b; + 4bi1q — 3biyp + biy3)
—kn(n — D1 —wWu™2b,_,b, 5 + (n — Du™2 —nu™1)b,_4 + u™ b
This completes the proof.
Theorem 4 implies the following corollaries as follow.
Corollary 1. The linear and quadratic null Bézier curves in Minkowski 3-space are plane curves.

Proof. Let B(u) be a null Bézier curve of in Minkowski 3-space. Ifn = 1 or n = 2, by the curvature
Kk given in Theorem 4, we have k = 0, and hence B(u) is a plane curve.
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Corollary 2. Let B(u) be a null Bézier curve of degree n = 3. Then B(u) is generalized helix iff
| 2756 B3 (W) (=b; + 3bis1 — 3biyp + bigs)|| = 0.

Definition 5. Let B(u) and B(#1) are null Bézier curves parametrized by u and u in Minkowski 3-
space. The pair (B(w), B(W)) is called a null Bertrand pair iff the principal normal vector fields are
linearly dependent.

Theorem 5. Let B(u) and B(w) are null Bézier curves of degree n = 3 in parametrized by u and U
in Minkowski 3-space. If B(u) admits a Bertrand mate B (1) then

n-3

z B?—B(u)(—bi + 3b;j41 — 3biy2 + bit3)
I=0

= constant.

Proof. Suppose B(u) and B(i1) are null Bézier curves parametrized by pseudo arc-length u and u.
Since B (u) admits a Bertrand mate B (i) then their normal lines coincide at corresponding points.
As a consequence, we may write

B =B +np, (10)

for some function n(p) # 0. Differentiating the equation (10) with respect to u and using equation
(2), we get

du _
—a=(1L+n)a—ny+n'B (11)

where @ is the tangent vector of B and a, B,y are the tangent, principal normal, and binormal
vector fields of B. For null Bertrand curves, the condition g(&,y) = 0 holds. Therefore, from
equation (11), we have n’ = 0 and so 7 is a constant. Since & is a null vector, taking the norm of

the equation (11) yields n(1 + nx) = 0 and so k = —% = constant. Hence, by equation (9), we
get ||Z§’=‘03 B3 (w)(—b; + 3bip1 — 3bjgq + bi+3)|| = constant forn > 3.

Theorem 6. Let B(u) and B(uw) are null Bézier curves of degree n = 3 in parametrized by u and U
in Minkowski 3-space. If B(u) admits a Bertrand mate B (1) then

3_ 2
(n? 3P+ @A) $n-3 p1=3 (1) (—b; + 3by4q — 3biez + biss)

K

+l

a=
Fa(n— 1A —wu2by_y + (n— Du™2 —nu™1)b,_; Fu™ b,

B =—n?* —n) X1=¢ BI 2 (b; — biyq + biya),

7 = Frn L1550 B ) (biyy — by),

where @, 3,7 are the tangent, principal normal, dan binormal vector fields of B and k is the null
curvature of B.

Proof. From Theorem 5, we find n = —i = constant. As a result, if we substitute this into
equation (11), we find

_ d
E=py, p=-n5 (12)
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Differentiating equation (12) with respect to u and using equation (2) yield
ai 5 o, 13
B =u'y — up. (13)

Next, taking the norm of equation (13) gives

du\?
(@) =

Using equations (12) and (13), we get g = +1 and u = +1n = constant. As a consequence, we
finda = + %, f = —f and ¥ = Fka. Substituting @, 8, and ¥ from equation Theorem 4 completes
the proof.

Corollary 3. Let B(u) and B(w) be null Bézier curves of degree n = 3 in parametrized by u and u
in Minkowski 3-space. If B(u) admits a Bertrand mate B (i) then their null curvatures are equal.

From Theorem 6. we have y = Fka. Differentiating this gives y' = —kp. It follows that i =
g(?’ly) = g(—KN, _N) = K.

Corollary 4. Let B(u) and B(w) be null Bézier curves of degree n = 3 in parametrized by u and u
in Minkowski 3-space. If B(u) admits a Bertrand mate B (i) then both are helices.

Proof. It follows from the fact that k and K are constants.

Next, we define the null Bézier curve using a representation function. Let B(u) be a null Bézier
curve in Minkowski 3-space with the pseudo arc-length parameter u. By Theorem 2, we can write

B'(u) = (i nB{n(u)Axi , i nB{n(u)Ayi i nB{n(u)Azl->,

i=0 i=0 i=0

where b; = (x;,y:,2;),i = 0,1,2, ..., n.

Now let X%, nB; " (w)Ax; = 1, (w) , X%, nB!" (WAy; = 1,(w), Xy nB;" (w)Az; = A3(u), so that
B'(w) = (4 (w), (), 13(w)).

Consequently, we have
-+ +21=0.
It follows that

L+l X
A A=A

Without loss of generality, we may assume that

A3+,

A
T fw) (14)
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and
A, = 2¢ (). (15)

From equations (14) and (15), we have
/11+13:2¢f, 12:2(1)' 11_13:_.
Hence, solving this system of equations gives us

Al=¢(f+%), =20, 15=9( —3).

f
It follows that
B/ = 60 (£ + 75,2,/ 0) = 75
On the other hand, null Bézier curves can also be written as
Bw = [ B'wdu = [ ¢ (f@) + 75,2, f (W) = 725). (16)

Differentiating equation (4.3) with respect to u twice gives

9(B" (), B () = 492 () (V)

Since u is the pseudo arc-length parameter of the null Bézier curve B(t), then we have

LW
ST}

This result can be summarized as the following theorem.

Theorem 7.Let B(u) be a null Bézier curve in Minkowski 3-space with the pseudo arc-length
parameter u. Then B(u) can be written as

RiON

2@ BI=

B = [ £ (0 + s

f(w) fu ))

for some nonconstant function f (s).

Conclusion

In this paper, we have undertaken a comprehensive study of Bézier curves within the
specific context of null curves in Minkowski 3-space. By integrating the theory of Bézier curves
with the unique geometric structure of semi-Riemannian manifolds, we have successfully defined
and characterized null Bézier curves. The primary contributions of this work are threefold. First,
we established fundamental definitions and theorems for null Bézier curves, demonstrating key
properties such as the null nature of their initial and end tangent vectors. Second, we introduced
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and analyzed the concept of a null Bertrand pair for these curves. Our results show that for a null
Bézier curve of degree n = 3 to admit a Bertrand mate, its pseudo-torsion must be constant,
which in turn implies that both curves in the pair are necessarily helices. Finally, we derived a
general parametric representation for any null Bézier curve in terms of a single nonconstant
function f(u). This representation provides a powerful and versatile method for the explicit
construction and analysis of null Bézier curves, encapsulating their essential geometry in a
concise formula.
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