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ABSTRACT

In this paper, we investigate the regularity conditions of solutions of Schrodinger Equations with forcing
function in the framework of generalized weighted Morrey spaces. We utilize the established
boundedness of the fractional maximal operator on generalized weighted Morrey spaces. We prove that
if the forcing function does not balance local regularity and global decay, then the solution of the equation
does not do so either.

Keywords: Maximal fractional operator, Morrey spaces, Quantum theory, Schrédinger equations,
Schrodinger operator.

Introduction

Quantum mechanics is one of a brilliant outcomes of thinking in recent decades. The
concept extends the physics subject. Quantum theory provides a foundational framework for
understanding physical phenomena at microscopic scales, including the behavior of subatomic
particles and the structure of matter. Within this framework, analyzing partial differential
equations, such as the Schrodinger and Klein-Gordon equations, is crucial for revealing the
fundamental dynamics of quantum systems. An important part of this analysis is investigating the
regularity of solutions, which offers valuable insights into the stability and overall behavior of
quantum states. Quantum theory began with the work of Max Planck in the early 20th century
when he studied the blackbody radiation (Longair, 2020). Max Planck won the Nobel Prize for the
work.

Consider the Schrédinger Equation

VY (=2 +V)Flw) = f (1)
where 0 < y < 8 < 1, and the equation
[V'Vv(-a+V)Flw = f (2)

where0 <y < % <1,B-y= % and V is a nonnegative potential belonging to the reverse Holder
class which is denoted by B..

The function f in equation (1) and (2) is called data, dumping function, source term, or
forcing function according to the context. f represents the external forces influencing the system.
In this work, we choose to refer to it as the forcing function.

The equations describe the behaviour of particle in a quantum space. One may see the
recent works by Geng et al (2023), Hossein et al (2023), Ibrahim et al (2023), Ibrahim & Baleanu
(2023), Litu et al (2023), and Rafiq et al (2023) for more about the Schrodinger equation. The
equation is difficult to solve in explicit form for u. However, we can still learn the properties of
the solution using some tools from mathematical analysis. In this paper, we are interested in
answering the question of “what is happen to the solution u if the data f in equation (1) and (2)
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does not balance local regularity and global decay?”. In the other words, we aim to examine the
characteristics of the solution u when neither the local nor global behavior of f can not be
controlled.

The notions of local and global behavior can be characterized in terms of Morrey spaces.
The concept of Morrey spaces originated from Charles Bradfield Morrey’s work in 1938, which
focused on the local properties of solutions to specific elliptic partial differential equations
(Morrey, 1938). Morrey spaces can be regarded as one of several generalizations of Lebesgue

spaces. Morrey space Lqp is a set that collects any measurable function f € szoc in which the norm

Ifll . which is defined by
q
1

P
iy = s ——([ irorra)
q zERM,1>0 |B(Z, T') |5—a B(z,D)

is finite. There are some extensions of Morrey spaces, namely Orlicz-Morrey spaces (Kawasumi,
2023; Kawasumi et al, 2023; Shi et al, 2021), generalized Morrey spaces (Nakai, 1991; Mizuhara,
1993; Karapetyants & de Cristoforis, 2023; Sawano, 2019), weighted Morrey spaces (Komori &
Shirai, 2009; Duoandikoetxea & Rosenthal, 2021), and generalized weighted Morrey spaces
(Ramadana, 2022; Ramadana & Gunawan, 2023; Ramadana & Gunawan, 2024). The spaces were
widely used in analyzing the properties of the solution of some partial differential equations via
some operators studied from the subject of mathematical analysis, particularly harmonic
analysis. The operator that were commonly used are the Hardy-Littlewood maximal operator,
fractional integral operator, Calderon-Zygmund operator, Fourier transform, etc. In the general
space, the reader may see the work of Ramadana & Gunawan (2024) and Samko (2022) for the
boundedness of several operators on the spaces.

In this paper, we study the solution of (1) as well as (2) where f is a function in Morrey
space, particularly related to regularity property of the solution. Particularly, we investigate it in
general setting, namely generalized weighted Morrey spaces over R™. We examine the
smoothness characteristics of the solutions to Schrodinger equations (1) and (2) by employing
harmonic-analysis techniques, particularly the fractional maximal operator M,. Our approach
begins by proving that these operators act boundedly on generalized weighted Morrey spaces.
We then use these findings to investigate the behavior of the equations’ solutions.

Truong et al (2020) have studied equation (1) within the context of generalized Morrey
spaces where y = 0. On the other hand, in the present work, we focus on the more general case
0 <y < <1.Inrecent developments, several studies have explored the interaction between
fractional maximal operators and Schrodinger-type operators within the framework of Morrey-
type spaces. For instance, Shu and Wang (2015) investigated the boundedness of the fractional
maximal operator and Marcinkiewicz integrals associated with Schrédinger operators on Morrey
spaces with variable exponent, establishing important estimates that generalize classical results
to the constant exponent case. Subsequently, Kucukaslan (2022) extended these ideas to the
Lorentz-Morrey setting, where maximal and fractional maximal operators were applied to
analyze Bochner-Riesz and Schrédinger-type operators, yielding refined boundedness criteria.
More recently, Guliyev et al (2024) examined fractional integrals related to Schroédinger
operators on vanishing generalized mixed Morrey spaces, providing new insights into
compactness and decay properties of these operators. Collectively, these studies underscore the
growing significance of Morrey-type frameworks in understanding the mapping and regularity
properties of fractional and Schrodinger-type operators.

The use of Morrey spaces in the present work is motivated by their crucial role in
describing the fine local behavior of functions that arise as solutions to partial differential
equations, particularly the Schrodinger equation. Unlike the classical Lebesgue spaces, Morrey
spaces simultaneously measure the integrability and the concentration of a function, providing
an intermediate scale between local and global regularity. This dual nature makes them a natural
framework for analyzing the boundedness of fractional maximal operators, which are closely
connected to potential-type estimates in quantum theory.
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In the context of the Schrodinger equation, Morrey spaces allow one to capture the delicate
balance between oscillation and decay of the wave function, particularly when dealing with
singular or fractional potentials. The boundedness of M, on Morrey spaces plays a crucial role in
deriving regularity and embedding results, offering a refined understanding beyond what can be
obtained in the standard LP setting. Possible extensions of the present study include the use of
generalized Morrey, variable exponent, Herz-Morrey, or Orlicz-Morrey spaces, which may
provide further flexibility in handling anisotropic potentials or nonlocal operators that appear in
modern quantum models.

Prelimanaries: Some Definitions & Notations

Generalized weighted Morrey spaces were introduced by Guliyev (2014), Guliyev &
Ismailova (2014), and Nakamura (Nakamura, 2016) with his another version of the definition. In
this paper, we use the definition by Guliyev. Before we define state the definitions, we need some
preliminaries on some other spaces and parameters.

The measure and integral used in this paper are Lebesgue measure and integration.
B(a, ) isthe ball on R™ centered at a € R™ with radius of r > 0. We denote E€ by the complement
of the subset E € R™ in R™. A weight w is a nonnegative (almost everywhere) which is locally
integrable function defined on the Euclidean space R™. For E € R" we write w(E) = fE w(y)dy.

In addition, |E| denotes the usual Lebesgue measure of the measurable subset E of R™.

Let p € (1,00). We denote p' as a positive real number which satisfies % + 5 = 1. The weighted

Lebesgue space LP" (E) over E is a space that collects any function f on R™ such ||f|[pw gy < o0

where
7
1 Lo = f few ).
E

If E = R", we write LP"" = LP"(R™). We now review the definitions of the Muckenhoupt weight

classes A, and A4, ;. A weight w belongs to 4, if

1 1
7

1 p P/ 1 %’d v’
sup <WLW(” y) <ﬁfBW(y) y) < o

with the supremum evaluated over the entire collection of balls B on R™. For 1 < p < q < o, the
weight w isin A, 4 if

[

1 1

su iqu( )d aifw( )p'd F<oo
s \Bl S, ") \iB1),"" ¥

with the supremum evaluated over the entire collection of balls B on R™. Ifw € Apgr
Apandw? € A;. We say V € B, whenever a constant C > 0 can be found such that

1
IVli=e) 757 j V() dx
B

then wP €

holds for any ball B (Li,1999).
Now, we define the generalized weighted Morrey spaces over R".

Definition 1. Let p € (1, o) and and let w be a weight defined on R"™. Let 1 be a function taking
value on positive real numbers and defined on R™ x R*. The generalized weighted Morrey space,
denoted by Mz’w = MIZ"W (R™), is a function space defined as the set collecting any function f on

R™ provided

1
Ifllagge = sup_ wa D7'w(B(@,D) Pllfllpw(san) <
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1
If we take Y(a,l) = W(B(a, l))q, then M£'W is the weighted Morrey space (Shirai and Komori,
2009). If w is assumed to be constant almost everywhere, then Mg’w is the generalized weighted

1
Morrey space (Mizuhara, 1993, Nakai, 1991, and Sawano, 2019). Moreover, if (a,l) = [ and w
is constant almost everywhere, then M£'W is the classical Morrey spaces (Morrey, 1938).

The example of function in the classical Morrey space is the radial function as in Sawano et al
(2020). The example of function in generalized Morrey spaces, weighted Morrey spaces, and
generalized weighted Morrey spaces are very dependent on the parameter and the weight
function. The reader may see Sawano et al (2019) and Sawano et al (2020).

Results and Discussions

In this part of the paper, we present the main findings of our study along with their
discussion, organized into three subsections: (1) main results and some interpretation; (2) the
boundedness of Schrodinger operator on generalized weighted Morrey spaces; and (3) proof of
the main results.

1. Mainresults and some interpretations

Given the Schrodinger equations (1) and (2), we obtain the following regularity result for their

solution. We begin by observing that the equation admits certain general forms of solutions.
Theorem 1 Supposethat V € B, and0 <y < <l.Leta=2(f—-y)—1,1<p< 00,52%—%,
and a weight w on R" such that w € A,, . Suppose the functions ¢, and @, satisfy at least one of
the following conditions:

1. For(x,r) € R" x R,
1
® @1 (x, ) WP(B(x,t) )P dt
( l ) - S@Z(x'r)'
T wi(B(x,t))a
2. For(x,r) € R" x RY,

@1 (x, t)wp(B (x, t))%
p 1

r<t<co

1 3 () (x; T).

Wq(B(x, t))q

If u is the solution of (1) and u € M(Z’lwp, then ||f||Mq_wq < lull
®2

Theorem 2. Suppose V € B, and 0 SyS%S 1L,B—vy 2%.Leta =2—-y)—-1,1<p< 00,$=

% - %, and a weight w on R"™ such that w € A,, ;. Suppose the functions ¢, and ¢, satisfy one of the

qwi-
Mo,

following conditions:
1. For(x,7) € R" x R,

1
* @, (x, )WP(B(x,t))P dt
1 BEOPE < puim,
T wa(B(x0)f
2. For(x,r) € R" x R*,

01 (x, t)wp(B (x, t))%
sup T

r<t<co

S @y (x, 7).
Wq(B(x, t))a

If u is the solution of (2) and u € Mg’lwp, then IIfIIMq_Wq < lull

q'un
P2 M‘Pz

77



J. Nat. Scien. & Math. Res. Vol. 11, No. 1, 74-83
Ramadana (2025)

In general, we have that ||f||Mq,Wq pS IIuIIMp,Wp with varying values of the parameter in the
P2 P1

14
equations. This implies that if the solution u is in M, £,1w , then the forcing function f must belong

q
to the Morrey spaces Mg‘zw . We may extend to the concept of superposition. If uy, u,, -+, u,, are
the solution of (1), then by the linearity of generalized weighted Morrey spaces,

m m
W lgawe = [ D ]| = > Ml
P2 - wb - P1
k=1 M£1 k=1

Another interpretation can be obtained by taking the contraposition of the statetment. In the
. . . . . q
other words, if the forcing function is not in the Morrey spaces M(Z’ZW , then we cannot have that

uin Mg’lwp. Thus, if the external forces in equation (1) and (2) fail to satisfy both local regularity
and global decay conditions, the solution u also fails to exhibit these properties. This answers the

research question. For example, if f(-) = e!! on R™ then there is no solution u in (1) and (2) such
that the solution is in the Morrey spaces under assumptions of theorems.

We shall prove the theorem in the end of this section after establishing some other theorems
which are very useful in proving the main result Theorem 1 and Theorem 2. The other theorems
are mostly the boundedness properties of maximal fractional operator and Schrédinger operator.

2. Schrodinger operators on generalized weighted Morrey spaces

Consider the equations (1) and (2). We let the operators L, and L, where
L) = [V (A + V) 7F](w)
and
Ly(w) = [VYV(-A + V)7F|(w).
The reader may see the works by Akbulut et al (2024), Ambrosio (2022), Dasgupta et al (2024),
Dewan (2024), and Fabris et al (2021), for more about Schrédinger operators.

The theorems below establish the connection between the Schrédinger operator (L and L,) and
M, which motivates the use of the boundedness of M, as a method to address the question posed
in Section 1.
Theorem 3 (Zhong, 1993). SupposeV € B, and 0 <y < 8 < 1. Then,
|Liu| S Mgu, u €Sy
where a = 2(B —y).
Theorem 4 (Zhong, 1993). SupposeV € B, and 0 <y < % <lLp-y= % Then,
|Lou| S Mgau, u €Sy
wherea =2(f —y) — 1.
Ramadana and Gunawan (2023) established the following local estimate for M, as in the
theorems:
Theorem 5. Let 1 < p < o and a weight w on R™ such thatw € Ayp. Then,

1
1 wP(B(c(B),0))P dt
”Ma(u)”Lq,wq(B) S Wq(B)q 1 ”u”Lp'Wp(B(c(B),t))T

‘B wa(B(c(B),1))e

p
f0r1<p<ooanduELf(')‘f .

Theorem6.Let0<a<n,1<p<00,$=

— %, and a weight w on R™ such that w € Apq-

SR

Suppose the functions @, and @, satisfy
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1
© 0, (x, OWP(B(x,t))? dt
@1 (x, t)wP(B( . ) — S @,(x,7), (x,r) € R" X R*.

r Wq(B(x! t))a
Then, M, is bounded from Mg’lwp to M(g‘zwq.

Beside this theorem, we provide the other additional requirement for the boundedness of M, on
generalized weighted Morrey space. This is formalized in the theorem that follows.

1 1 .
Theorem 7. Let 0 <a<n, 1 <p < oo, E: — %, and a weight w on R" such that w € Apg

Suppose the functions @4 and @, satisfy

@1 (x, t)wp(B (x, t))%
sup T

r<t<oo

< @, (x, 1), (x,7) € R® X R*.

W‘I(B (x, t))a
Then, M, is bounded from M(f,”lwp to M(g'zwq.
Proof. We begin by deriving a local estimate for M, which resembles the local estimate stated in
Theorem 5. Let u € M(E’lw, a € R™, and r > 0. We split u to the form u = u; + u, where u; = u -
Xp(a,2r)- By the boundedness of M,, from LPW? to LAWY,
”Ma(ul)”Lq,wq(B(a’r)) < ”Ma(ul)”Lq.wq p ”ullle,wP = ”u”Lp'Wp(B(a,ZT))
By using Lemma 2.12 in (Ramadana & Gunawan, 2023), w obtain that
1
1 wP(B(a,t))P
”Ma (ul) ”Lq‘wq(B(a,T)) S ”u”Lp'Wp(B(a,ZT)) S Wq (B)q Tz;,lfoo —l ”u”Lp,wp (B(a,t)) .
wi(Ba,t)1
Next, we estimate the norm of u, over B(a, r) under L%*? and WwLIw? Letx € B(a,r) and t > 0.
Ify € B(a,r) and y € B(a, 2r)¢, then
r=2r—r<|y—al-la—-x|<|ly—x| <t

which actually means that

f lu@)| dy =0
B(x,t)NnB(a,2r)¢

for t < r.Moreover, B(x,t) N B(a,2r)¢ € B(a, 2t) for r < t. In fact, we may see that
ly—al<|ly—x|+|x—a|<t+7r <2t
Hence, the estimate below holds by Hélder’s inequality and A,, ; condition.

1
Ma) () = sup———— [ Ty ()ldy
>0 |B(x, t)|* n /BxD)

1 1
= max Sup—aJ lu,(¥)ldy, sup —aj |u2(y)|dy>
&7 |B(x,t)|' Tn /B 0<tsT | B(x, t)| "n /B(x.0)
1
—sip——— | up()ldy
B(x,t)

7 |B(x, 1) n
1

= sup lu@)|dy

t>7 |B(x, t)|1_% B(x,t)nB(a,2r)°¢

1
<sp———s | luG)ldy
> |B(x,t)|* n /B(a2r)

1
= sup —af lu@)|dy
21 |B(q, t)|" "n /B(ar)

< sup ————— [lull pwr w2
t>2r |B(Cl, t)ll—ﬁ L (B(a) LP (B(a,t))

< S

~ St;lg 1 ”u”Lp'Wp(B(a,t)) .

wid (B (a, t))a
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Hence, by taking the norm of 19" on M, (u,) over B(a,r) we obtain

1
1Mol qwap gy S w(B(a, 7)) sup

s 1 lellpw? (o0

wd (B(a, t))a
By combining the estimates both for M,(u;) and M,(u,) and using the linearity of M, on
weighted Lebesgue spaces, we obtain that

1
IMa@l qwt 5qy S w(B(a,7)) sup

t>2r 1l pwr (Blat))’

wd (B(a, t))a
Hence, by the definition of the norm ofM(f,"le and M(z'zwq,

1
”Ma(u)” qwd = Sup ”Ma(u)” wd
M) n a,r 1 L% B(a,r)
P2 a€R™,r>0 (pZ( )Wq(B(a,T))q
g ! L aBan) Jul
- aeﬂs%%.gm ®2(a,1) i “r igg L e w? (san)

wi(B(a,1))? wi(B(a,t))1

1

= sup sup 1 ”u“Lp'Wp(B(a 0)
n a,r = '
aeRnr>0 P2(a, 1) t>r Wq(B(a, t))q

1 1 (aﬂ T) 1

= sup sup T ||u||Lp,Wp(B(a H)
n a,r a,r 1 ,
aeRnr>0 P2(a, 1) t>r 91( )Wq(B(a, t))q
1
1 wP(B(a,t))?
<llull_ pwr sup ———=supy;(at) ———3

o 1
01 aeRnr>0 P2(a, 1) t>r Wq(B(a, t))q

S ”u”Mp,wp-
P1

14 q
This proves that M, is bounded from M, to M,"" m

From these results, we derive the following the other results illustrating the boundedness
properties of the Schrodinger operator acting on generalized weighted Morrey spaces.
a

Theorem 8. SupposeV € B,and0 <y < B <l.Leta=2(f-y)—1,1<p< 00,3 =%—;, and
a weight w on R™ such that w € A,, ;. Suppose that @ and ¢, are two functions on R™ x R* such

that one of the following conditions bolds:
3. For(x,r) € R® x RY,

j°° @1 (x, OWP(B(x, t))% dt

l — S (pZ(xl T').
Wq(B(x, t))q
4. For (x,r) € R® x R,

1
p s t)wp(B(x'lt))p S @ (x, 7).

r<t<co

wd (B(x, t))a
Then, L, is bounded from M(E’lwp to Mg’zwq.

Proof. By using Theorem 3 and Theorem 6, and by combining those with Theorem 7 we obtain
the following inequalities:

< <
||L1(u)IIM(Z,2wq S IIMa(u)IIMggw = IIuIIM(g,lwp

p q
which allow us to conclude the boundedness of L; from Mp"" to M m
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Theorem9.5upposeVEBmandOSyS%S1,ﬁ—y2%.Leta=2(ﬁ—y)—1,1Sp<00,%=

1 . . S
. %, and a weight w on R™ such thatw € Ay, ;. Suppose @, and @, are functions satisfying one of

the following conditions:
1. For(x,7) € R® x R,

1
® o, (x, O WP(B(x,t))? dt
! ( T ) — S @y(x,1).

T wi(B(x,t))1

2. For(x,r) € R" x RY,

@1 (x, t)wp(B (x, t))%
p 1

r<t<oo

1 < (5] (X, 7").

W‘I(B (x, t))q

Then, L, is bounded from ]\/[qf,”lwp to M(Z;Wq.

Proof. Observing Theorems 4, 6, and 7, we see that the following inequalities hold.

< <
”LZ(u)”M(gzwq ~ ”Ma(u)”]v[(gzwq ~ ”u”M£1wp

p q
Hence, we obtain the boundedness of L, from M£’1W to M(g'zw ]

3. Proof of the Main Results

We can now proceed to prove the main result.
Proof of Theorem 1. Suppose the equation (1) and u € M(f,’;wp is the solution of the Schrodinger
equation (1). We make use of Theorem 8 to obtain

AN qwa = ILy @I qwa = llull. e
Mg, My, My
that proves the theorem m

Proof of Theorem 2. Suppose the equation (2) and u € M(f,’;wp is the solution of the Schrodinger
equation (2). Then, Theorem 8 implies
WA qwa = Lol qwa < llull. pwe
Mg, g Mo

as desired m
Conclusion

Some conditions are obtained in order to ensure the boundedness of fractional maximal
operator and imply the boundedness properties of Schrédinger operator on generalized weighted
Morrey spaces. By using the boundedness properties, it is obtained some regularity properties of
the solution of Schrodinger equation with forcing function. When the forcing function does not
maintain local regularity and global decay, the solution of the equation similarly lacks these
properties. This finding helps to better understand the dynamics of quantum particles in quantum
systems.
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