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ABSTRACT

This study presents a numerical solution of the Bratu differential equations (BDE) using the Sumudu
transform series decomposition technique (STSDT). The process combines the Adomian polynomials
(AP), series expansion (SE), and Sumudu transform (ST), and it ultimately converges perfectly to the
exact solution. Examining four test problems demonstrates that the strategy converges more effectively
than the literature-based approach. Calculations were performed using Maple 2022 software.
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Introduction

Consider the nonlinear Bratu differential equation of the form:

d2w
ag?

+ye" =0; 0<&é<1; y,a €ER (1

with initial conditions W (0) = W'(0) = 0. (2)

The significance of Equation (1), a one-dimensional Bratu-type problem, stems from the first
thermal combustion theory that was established by simplifying the solid fuel ignition model. The de-
velopment of nonlinear differential equations has been crucial to numerous disciplines, including
chemical kinetics, fluid mechanics, and plasma physics. Because of this, scientists are interested to
find the exact solution to nonlinear differential equations. Many applications of the Bratu equation
can be found in the fields of thermal reaction, radiative heat transfer, chemical reactor theory and fuel
ignition model of thermal combustion. Engineers have recently discovered applications for the Bratu
equation, such as the electrospinning method used to create nanofibers. The Boundary Value Problem
(BVP) first appeared in the modeling of electrically conducting materials, and nonlinear elliptic equa-
tions with such boundary conditions have been utilized to explain thermal explosions in the field of
combustion theory. As a benchmark order to verify the precision and effectiveness of numerical
methods, the Bratu equation is frequently employed. Consequently, a great deal of research on Bratu-
type differential equations has been done.
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For instance, Salem & Thanoon, (2022) used a perturbation method for the solution of the
Bratu’s type equation. Similarly, Zarebnia & Hoshyar (2014) used spline method for the solution of
Bratu'’s type equation. While Wazwaz (2016) used method of successive differentiation for solving
Bratu’s type equations. The solution of Bratu equation was verified by Saravi et al. (2013) using the
He’s variational Iteration Method. Numerical solution Bratu equations was obtained by Fenta &
Derese (2019) using sixth order Runge-Kutta seven stages method. A New Improved Variational Ho-
motopy Perturbation Method was used to address Bratu-Type Problems by (Ezekiel, 2013). Further-
more, (Hassan & Semary, 2013) used Analytic approximate solution for the Bratu’s problem by opti-
mal homotopy analysis method. Numerical solution of Bratu problem using the method of weighted
residual was implemented by (Aregbesola, 2003). Adomians decomposition method for the treatment
of Bratu’s type equations was handled by (Wazwaz, 2005).

Finally, (Changqing & Jianhua, 2013) used Chebyshev wavelets method for the solution of
Bratu’s problem. While these methods are effective, a significant gap exists in the development of a
technique that seamlessly combines the computational efficiency of integral transforms with the sim-
plicity and elegance of series decomposition, thereby avoiding the complexities of the aforementioned
approaches. Specifically, the Sumudu Transform has been underutilized for this class of problems.
Although its potential has not been completely utilized in conjunction with a simple series decompo-
sition method for the nonlinear Bratu equation with the specified initial conditions. The numerical
solution of Bratu's nonlinear differential equation (1) with the provided initial conditions (2) is pro-
duced in this study using the Sumudu Transform Series Decomposition echnique (STSDT). The sug-
gested approach functions effectively, and the preliminary findings are reassuring and trustworthy.
Ultimately, the solution is provided in an infinite series that converges perfectly to the exact solution.

Preliminaries of Sumudu Transform
1 Definition (Sudhanshu et al.,, 2020; Aggarwal & Sharma, 2019; Akinola et al., 2016). The Sumudu
transform of a function W (¢) is defined by
1 00 _§
SWO] =w(s) == [ W(&)e sd¢

where the Sumudu transform operator is represented by §.

Thus, W (§) is called the inverse Sumudu transform of w(s) and this is written as

W) =S Hw(s)]
2 Properties of Sumudu transform (Sudhanshu et al., 2020):

S{aWi(§) + bW,(§)} = as{Wi ()} + bS{W,(§)} (3)
S{W(a§)} = w(as) (4)
S{eaEW(E)} - (l—las) d (1—Sas) (5)
SW'(©)} =2w(s) — - W(0) (6)
SW(©)} =5 w(s) —5W(0) —ZW'(0) (7)
SW™ @)} = Zw(s) = W(0) — 5 W'(0) — - — - W@D(0) (8)
S{W1(8) * W5 (§)} = ss{W,(}ISIW,()} 9)

Sumudu Transform Series Decomposition Technique (STSDT) (Akinola et al.,, 2016)

Examine the following general nonlinear, nonhomogeneous differential equation:
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LW(E) + RW () + NW (&) = g($) (10)

Where L stands for the linear differential operator of highest order, the linear differential operator
of order less than L is denoted by R, a series expansion is assumed for the source term g and the
non-linear differential operator N.

On both sides of (10), the Sumudu transform is applied to yield:

S[LW ()] + S[RW ()] + SINW($)] = S[g(§)] (11)
By utilizing the Sumudu transform's differentiation property (8) in (11), we can achieve
S
WOl _ 5y WEOTO 4 SRW )] + SINW ()] = S[9(©)] (12)
Where
1w@©O®© —1w@®
koo ok = 2k=0 omH

Simplifying (12) further we have that

SIW(©)] - S YODO 4 wm(s[RW ()] + SINW O] - S[g(OD =0 (13)
Applying the inverse Sumudu transform on (13) yields

W) =G — S Hwm™(S[RW ()] + SINW ()]} (14)
with G(§) =57 [wm (33 MO0 + 519 | (1)

Where the term resulting from the source term and the specified initial conditions is indicated by

G ().

As an infinite series, (14) has the following solution:

W(§) = Xuzo Wn($) (16)
Decomposing the nonlinear term yields:
NW({) = Z%O:OAn(WO;Wl; ""Wn) (17)

where A,, denotes the Adomian polynomials, which can be calculated by applying the technique de-
scribed in [20]:

==— [N(Zl (,Alwl)]/1 s =0123, .. (18)
Substltutmg (16) and (17) into (14) gives
Trmo Wnt1(§) = G(§) = STHSW™([R Z3=0 Wa (D] + [0 An])} (19)

The series solution can be obtained by continuously simplifying (19).

Wo(©) = 6() = 57 [wm (i 2 S[g@)])]}

(20)
Wni1(©) = =STHSW™ ([RWL(D] + [4nD}:n 2 0
Thus, the series solution is ascertained by applying the recursive relation (20).
W(§) = Luzo Wa () = Wo(§) + Wi(§) + Wo(§) + W3(§) + Wy($) + - (21)

Convergence of the method
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A complete normed linear space addressing the convergence of the Sumudu Transform Series
Decomposition Technique (STSDT) is provided in this section. A sequence of function recurrences is
produced by applying the approach to the nonlinear differential equation. It is presumed that the
solution to the given problem is located at the limit of this sequence.

Theorem 4.1

Let X = (C[0,T], |.]]) be a complete normed linear space of all continuous functions endowed with
the maximum norm where t — W (t). Set W,, ;1 (&) = Wy (&) — €~1(¢) [(E(t)sm[R(Wn(E)) +
NW,(€)]],n = 0, where N[W,,(6)] = Y=o An(Wo, Wy, ..., W,,). Define a mapping T: X — X as
follows T(§) = Wy(€) — €1 (0)[E()s™[R(W,(£)) + N(W,,(€))]],n = 0 and suppose R and N are
Lipschitzian mappings such that there exists two Lipschitzian constants k;,k, < 1 and s™ with 0 <
k < 1, where k = (kq + k;)s™, then the recursive relation (20) has a unique solution.

Proof.

There is at most one solution. Assume that W* and W as exact and approximate solutions
respectively such that W* (&) = W (§). Since

IRW* — RW|| < kq{|[W* = W[,V W* W € X (22)

INW* = NW|| < k,||[W* = W|,VW* W € X (23)

for all W* and W as exact and approximate solutions respectively. We want to show the uniqueness
of T. To do this, we use the following estimate and the properties mentioned above to get:

ITW* = TWI = [Wo(&) = 572(0) [S(O)s™ [RW* () + NW ()]
— [Wo(®) = s O[S O™ RW (©)) + NWo EN]]|
= |-s71® [s@s™[RW* () + NW ()] + STHO[S (O™ [RWA (D)) +
N(WLEN]]|
= s 1 O[S O™ RWMA ) + NWo(@)]] - 71O [S@s™[RW"  (©) +
NW* ()]
< o [STHO[S O™ RWL(E) = RW* n ()] + S T[S W)s™ [N (W, (©)) —
NW*, (EN]]|
= teior] 1S TTOISOs™HIRW, () = RW (DI + 1S OIS Os™ HINW () —
NW* (NI
< rejory k1 + kDISTHOISOs™ WL () = W (Ol
< JO (e, + k)™ W (©) — W (O
< tg’[g;] (ky + ky)s™|[W*(&) — W (&), since 0 < k < 1, we get the contradiction
W) =Wl =W =W Il = W) =W*($). This completes the proof. m
Theorem 4.2
Let X = (C[0,T], ||.]]) be a complete normed linear space of all continuous functions endowed with
the maximum norm with t — W (t). Set W11 (&) = Wy (&) — (E_l(t)[(ﬁ(t)sm[R(Wn(f)) +
N(W,(€)]],n = 0, where N[W,,(6)] = X5 An(Wo, Wy, ..., Wy,). Define a mapping T: X — X as
follows T(¢) = W,y(¢) — (E_l(t)[(ﬁ(t)sm[R(Wn(f)) + N(Wn(f))]],n > 0 and suppose R and N are
Lipschitzian mappings such that there exists two Lipschitzian constants k4, k, < 1 and s™ with 0 <

k < 1, where k = (k; + k,)s™, then the recursive relation (20) is convergent.
Proof.
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To prove that recursive relation (20) is convergent, we will show that for any given point m* € X,
the nt" partial sum of the series Y7_, Wj (§) is Cauchy. To see this, let M,, = ¥7_, W;.(€) be the ntt
partial sum of the series in (20).

Now,

”Mn - Mm” = té/l[gf;] |Mn - Mml = té/lg);] |Zk m+1 Wk(f)l

IMn = M|l = 2107 [ZRems1(Wo (§) = ST O[S ()™ [R(Wi-1(§)) + NWi—1 (]|
< retor IS T O[S O™ [RERomsr Wima ED1] + STHO[S O™ N Ehizmsr Wie-1 ()]

< oo [STHO[S O™ [ZRomes RMn_1) = R(Mpn_1)]] +
STHO[S O™ [Themer N(Mn_1) — N (M-
< o ISTHO[S (O™ [R(Mn_y) = RMpy_)]] + STHO[S(O)s™ [N (Mp_1) = N(Mp_1)]]|
< Ma% (g + ko) [STHOIS ()™ 1 Myy — Myy]1]]

< (kg + k3)s™|[Mp—1 — My ||

= kMg — My_y]l.
Letn = m + 1.By Induction, we have:
|My 11 — My, || = (K)™||M; — M,|| and this is a contraction.
Since 0 < k < 1, it results that (k)™ - 0 as m — oo,
In the sequel,

M1 — M|l = K™ [IMy — Mol

Showing that {M,,, };n—, is a Cauchy sequence.
Since X = (C[O,T], || |) is a complete normed linear space, then {M,,, };,—, converges to some m* € X
[
Numerical Application

This section presents the solution of four Bratu-type problems using the proposed method-
ology. The outcomes demonstrate the suggested scheme's dependability and effectiveness.

Example 5.1 (Salem & Thanoon, 2022): Consider the Bratu-type problem (1), by choosingy = —2 and
a =1 to obtain:

d2
dfz—zw—o 0<&<1, (24)
W(0) =W'(0) = 0 (25)

The exact solution of the system (24) is given in (Salem & Thanoon, 2022) as:

5;4- 56 1758

* 2

W) =¢"+ 45 * 1260 *

Solution.

Applying the Sumudu transform on both sides of (24) gives:
azw w\ _

s(dfz —2¢") = 5(0)

Using (7), (25), (17) and (20) gives the following:

Wper =287 1[s%28(4,)]:n=0

Forn=20

Wy =257 s?S(Ap)] = 287 [s2S(e")] = §* (Wp = 0)
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Forn=1
4
W, = 257 [s25(A,)] = 25 [s2S (W; o)) =
Forn =2
) ) w1 26
s st (e o+ )] -
Forn=3
- _ 1, 1788
W, = 251 [s25(Ap)] = 257 [s75 (e [ + waw, + ¥ )| = oo

Hence the approximate solution is given as
s‘ 17§°

W) = &2 + + —— 4+ —— 4+ ... which is the same as the exact solution.
1260

Example 5.2 (Salem & Thanoon, 2022): Consider the Bratu-type problem (1), by choosingy =
a = 2 to obtain:

dZW
agz

e’ =0 0<&<1, (26)
w(@o)=w’'(0)=0 (27)
The exact solution of the system (26) is given in (Salem & Thanoon, 2022) as:

EZ 54 5;6 1768
A TR TSN

Solution.
Applying the Sumudu transform on both sides of (26) gives:

azw
(G —e™) =50
Using (7), (27), (17) and (20) gives the following:
Wysr =S [s?8(4)] :n 20

Forn=0
2
Wy = 51525 (A0)] = S1s25(e2)] = (W = 0)
Forn=1
54
W, = S7s25(Ay)] = ST [s2S (2Wye?)] = -
Forn =2
1 e
W; = S 1s%28(4,)] = 28~ [ 25( 2Wo [ZWZ + = 4W1 ]) :E
Forn =3

1 17¢&8
W, = 571[s?S(A5)] =51 [525 (e [2W3 + AW, W, + §8W13])] = zsgo

Hence the approximate solution is given as

W) = E— +5 £ b £ + % + --- which is the same as the exact solution.
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Example 5.3: Consider the Bratu-type problem (1), by choosingy = @ = —1 to obtain:

d*w

dfz—e_w=0, 0<é<, (28)

W) =w'(0)=0 (29)
The exact solution of the system (28) is given as:

. __EZ 54 56 1768
8= 2 24+ 180 20160+

Solution.

Applying the Sumudu transform on both sides of (28) gives:
azw -

s(dfz —e™) = 5(0)

Using (7), (29), (17) and (20) gives the following:

Wysr =S s?€(4)] :n =0

Forn=20
2
Wy = 5525 (Ag)] = S~ )] = £ (W = 0)

Forn=1

—&4

W, = 57528 (A)] = §7H[s?S(~Wye )] = —-
Forn =2

—1rg2 -1|¢2 -W, 1 2 §°
Ws = S71[s2S(4;)] = § [s S<e o [—Wz oW, D] ==

Forn =3

- _ _ 1 —17¢&8
W, =S8 [s?S(43)] =871 [525 (e Wo [—W3 +Ww, — §W13D] = 20160
Hence the approximate solution is given as

2 4 6 178
wE) =448 1%

+ --- which is the same as the exact solution.
2 24 180 20160

Example 5.4: Consider the Bratu-type problem (1), by choosing y = — % and a = %to obtain:

azw 2 1
e —Eezw=0, 0<é<1, (30)
w()=w'(0) =0 (31)

The exact solution of the system (30) is given as:

EZ 54 56 1758
W) ==+-—=—=+ + +
© 3 108 2430 816480
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Solution.
Applying the Sumudu transform on both sides of (30) gives:
s (dZW _ Ze%W) = 5(0)
&z 3
Using (7), (31), (17) and (20) gives the following:
Wass =387 s?5(A)] :n 2 0

Forn=20
2 2 1 ?
W1 = §‘:‘5—1[5.2‘5(140)] = 55_1 [SZS (eiwo)] =% (WO = 0)
Forn=1
2 2 1 1 &t
W, = 55 1[325(141)] = §‘5 ! [525 (EWleZW())] - m
Forn =2
2 2 1 1 1 §e
W, ==5"1s%*5(4 =—5‘1[25<EW0[—W —WZD]=
373 [s°S5(42)] 3 stoler oW+ 2430
Forn =3
2 2 Lyl 1 1 17¢°
2 seagesay) =25t s (B [y T+ )] = 220
Wy =587 s*S(43)] = 3§ [S 5<€ 7 Ws t g WilWz + 5 816480

Hence the approximate solution is given as

EZ 54- 56 17%’8
W) =3+ 10 ¥ 2430 T 516480

+ --- which is the same as the exact solution.
108 = 2430

Results and Discussion

Table 1. Comparison of the absolute errors for example 5.1

Absolute error by

. Absolute Error by .
4 Exact solution Approximate the proposed Perturbation
solution method Method (Salem &
Thanoon, 2022)
0.1 0.01001671124 0.01001671124 0.00000000e-00 1.117x10-8
0.2 0.04026954565 0.04026954565 0.00000000e-00 7.2635 x10-7
0.3 0.09138328521 0.09138328521 0.00000000e-00 0.00000849054
0.4 0.1644575533 0.1644575533 0.00000000e-00 0.0000494120
0.5 0.2611638145 0.2611638145 0.00000000e-00 0.0001968626
0.6 0.3839002149 0.3839002149 0.00000000e-00 0.0006183771
0.7 0.5360233017 0.5360233017 0.00000000e-00 0.0016503540
0.8 0.7221811037 0.7221811037 0.00000000e-00 0.0039113549
0.9 0.9487774909 0.9487774909 0.00000000e-00 0.0084672048
Discussion

In summary, the findings clearly show that the hybrid STSDT is a powerful, precise, and effec-
tive approach. It successfully addresses a gap in the literature by integrating the advantages of the
Sumudu Transform, Adomian decomposition, and series expansion into a coherent and reliable
framework. The STSDT is a highly valuable addition to the toolkit of methods for solving nonlinear
initial value problems in applied mathematics and engineering because of its performance, which is
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Table 2. Comparison of the absolute errors for example 5.2

Absolute error by

. Absolute Error by .
'3 Exact solution Approximate the proposed Perturbation
solution method Method (Salem &
Thanoon, 2022)
0.1 0.00500835562 0.00500835562 0.00000000e-00 2.3386 x10-8
0.2 0.02013477282 0.02013477282 0.00000000e-00 0.00000149142
0.3 0.04569164261 0.04569164261 0.00000000e-00 0.00001688860
0.4 0.08222877663 0.08222877663 0.00000000e-00 0.00009410781
0.5 0.1305819072 0.1305819072 0.00000000e-00 0.0003551506
0.6 0.1919501074 0.1919501074 0.00000000e-00 0.0010464518
0.7 0.2680116508 0.2680116508 0.00000000e-00 0.0025969723
0.8 0.3610905518 0.3610905518 0.00000000e-00 0.0056791045
0.9 0.4743887455 0.4743887455 0.00000000e-00 0.0112663280
Conclusion

The efficiency of the Sumudu transform series decomposition technique (STSDT) in
generating approximations for nonlinear Bratu differential equation solutions has been shown in this
study. The method incorporates the Sumudu transform, series expansion, and Adomian polynomials.
The method offers solutions for series that arise in real-world scenarios and swiftly converge. The
suggested strategy performs better than methods outlined in the literature, as seen in Tables 1 and 2.
The outcomes additionally indicated the effectiveness and utility of the proposed technique as a tool
for addressing the problem class under investigation.
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