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ABSTRACT 

This study presents a numerical solution of the Bratu differential equations (BDE) using the Sumudu 
transform series decomposition technique (STSDT). The process combines the Adomian polynomials 
(AP), series expansion (SE), and Sumudu transform (ST), and it ultimately converges perfectly to the 
exact solution. Examining four test problems demonstrates that the strategy converges more effectively 
than the literature-based approach. Calculations were performed using Maple 2022 software. 
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Introduction 
 

Consider the nonlinear Bratu differential equation of the form: 
 

𝑑2𝑊

𝑑𝜉2 + 𝛾𝑒𝛼𝑊 = 0;    0 < 𝜉 < 1;      𝛾, 𝛼 ∈ ℜ                               (1) 

 
 

with initial conditions   𝑊(0) = 𝑊′(0) = 0 .                          (2) 
 

The significance of Equation (1), a one-dimensional Bratu-type problem, stems from the first 
thermal combustion theory that was established by simplifying the solid fuel ignition model. The de-
velopment of nonlinear differential equations has been crucial to numerous disciplines, including 
chemical kinetics, fluid mechanics, and plasma physics. Because of this, scientists are interested to 
find the exact solution to nonlinear differential equations. Many applications of the Bratu equation 
can be found in the fields of thermal reaction, radiative heat transfer, chemical reactor theory and fuel 
ignition model of thermal combustion. Engineers have recently discovered applications for the Bratu 
equation, such as the electrospinning method used to create nanofibers. The Boundary Value Problem 
(BVP) first appeared in the modeling of electrically conducting materials, and nonlinear elliptic equa-
tions with such boundary conditions have been utilized to explain thermal explosions in the field of 
combustion theory. As a benchmark  order to verify the precision and effectiveness of numerical 
methods, the Bratu equation is frequently employed. Consequently, a great deal of research on Bratu-
type differential equations has been done.  
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For instance, Salem & Thanoon, (2022) used a perturbation method for the solution of the 
Bratu’s type equation. Similarly, Zarebnia & Hoshyar (2014) used spline method for the solution of 
Bratu’s type equation. While Wazwaz (2016) used method of successive differentiation for solving 
Bratu’s type equations. The solution of Bratu equation was verified by Saravi et al. (2013) using the 
He’s variational Iteration Method. Numerical solution Bratu equations was obtained by Fenta & 
Derese (2019) using sixth order Runge-Kutta seven stages method. A New Improved Variational Ho-
motopy Perturbation Method was used to address Bratu-Type Problems by (Ezekiel, 2013). Further-
more, (Hassan & Semary, 2013) used Analytic approximate solution for the Bratu’s problem by opti-
mal homotopy analysis method. Numerical solution of Bratu problem using the method of weighted 
residual was implemented by (Aregbesola, 2003). Adomians decomposition method for the treatment 
of Bratu’s type equations was handled by (Wazwaz, 2005).  

Finally, (Changqing & Jianhua, 2013) used Chebyshev wavelets method for the solution of 
Bratu’s problem. While these methods are effective, a significant gap exists in the development of a 
technique that seamlessly combines the computational efficiency of integral transforms with the sim-
plicity and elegance of series decomposition, thereby avoiding the complexities of the aforementioned 
approaches. Specifically, the Sumudu Transform has been underutilized for this class of problems. 
Although its potential has not been completely utilized in conjunction with a simple series decompo-
sition method for the nonlinear Bratu equation with the specified initial conditions. The numerical 
solution of Bratu's nonlinear differential equation (1) with the provided initial conditions (2) is pro-
duced in this study using the Sumudu Transform Series Decomposition echnique (STSDT). The sug-
gested approach functions effectively, and the preliminary findings are reassuring and trustworthy. 
Ultimately, the solution is provided in an infinite series that converges perfectly to the exact solution. 
 
Preliminaries of Sumudu Transform 
 
1 Definition (Sudhanshu et al., 2020; Aggarwal & Sharma, 2019; Akinola et al., 2016). The Sumudu 
transform of a function 𝑊(𝜉) is defined by 

 𝒮[𝑊(𝜉)] = 𝑤(𝑠) =
1

𝑠
∫ 𝑊(𝜉)𝑒−

𝜉

𝑠𝑑𝜉
∞

0
         

where the Sumudu transform operator is represented by 𝒮. 
 
Thus, 𝑊(𝜉) is called the inverse Sumudu transform of 𝑤(𝑠) and this is written as  

𝑊(𝜉) = 𝒮−1[𝑤(𝑠)] 
2 Properties of Sumudu transform (Sudhanshu et al., 2020): 
 𝒮{𝑎𝑊1(𝜉) + 𝑏𝑊2(𝜉)} = 𝑎𝒮{𝑊1(𝜉)} + 𝑏𝒮{𝑊2(𝜉)}                                                         (3) 
 𝒮{𝑊(𝑎𝜉)} = 𝑤(𝑎𝑠)                                                                                                                 (4) 

 𝒮{𝑒𝑎𝜉𝑊(𝜉)} = (
1

1−𝑎𝑠
) 𝑤 (

𝑠

1−𝑎𝑠
)                                                                                           (5) 

 𝒮{𝑊′(𝜉)} =
1

𝑠
𝑤(𝑠) −

1

𝑠
𝑊(0)                                                                                                (6) 

 𝒮{𝑊′′(𝜉)} =
1

𝑠2 𝑤(𝑠) −
1

𝑠2 𝑊(0) −
1

𝑠
𝑊′(0)                                                                        (7) 

 𝒮{𝑊(𝑛)(𝜉)} =
1

𝑠𝑛 𝑤(𝑠) −
1

𝑠𝑛 𝑊(0) −
1

𝑠𝑛−1 𝑊′(0) − ⋯ −
1

𝑠
𝑊(𝑛−1)(0)                          (8) 

 𝒮{𝑊1(𝜉) ∗ 𝑊2(𝜉)} = 𝑠𝒮{𝑊1(𝜉)}𝒮{𝑊2(𝜉)}                                                                          (9) 
 
Sumudu Transform Series Decomposition Technique (STSDT) (Akinola et al., 2016) 
 

Examine the following general nonlinear, nonhomogeneous differential equation: 
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𝐿𝑊(𝜉) + 𝑅𝑊(𝜉) + 𝑁𝑊(𝜉) = 𝑔(𝜉)                                                                                    (10) 
Where 𝐿 stands for the linear differential operator of highest order, the linear differential operator 
of order less than 𝐿 is denoted by 𝑅, a series expansion is assumed for the source term 𝑔 and the 
non-linear differential operator 𝑁. 
 
On both sides of (10), the Sumudu transform is applied to yield: 
 
𝒮[𝐿𝑊(𝜉)] + 𝒮[𝑅𝑊(𝜉)] + 𝒮[𝑁𝑊(𝜉)] = 𝒮[𝑔(𝜉)]                                                             (11) 
By utilizing the Sumudu transform's differentiation property (8) in (11), we can achieve 
 

 
𝒮[𝑊(𝜉)]

𝑤𝑚 − ∑
𝑊(𝜉)(𝑘)(0)

𝑤(𝑚−𝑘) +𝑚−1
𝑘=0 𝒮[𝑅𝑊(𝜉)] + 𝒮[𝑁𝑊(𝜉)] = 𝒮[𝑔(𝜉)]                                  (12) 

Where  

 ∑
𝑊(𝜉)(𝑘)(0)

𝑤(𝑚−𝑘) =𝑚−1
𝑘=0 ∑

𝑊(0)(𝑘)

𝑤(𝑚−𝑘)
𝑚−1
𝑘=0  

Simplifying (12) further we have that 

𝒮[𝑊(𝜉)] − ∑
𝑊(𝜉)(𝑘)(0)

𝑤(𝑚−𝑘) +𝑚−1
𝑘=0 𝑤𝑚(𝒮[𝑅𝑊(𝜉)] + 𝒮[𝑁𝑊(𝜉)] − 𝒮[𝑔(𝜉)]) = 0            (13) 

Applying the inverse Sumudu transform on (13) yields  
𝑊(𝜉) = 𝐺(𝜉) − 𝒮−1{𝑤𝑚(𝒮[𝑅𝑊(𝜉)] + 𝒮[𝑁𝑊(𝜉)])}                                                      (14) 

with   𝐺(𝜉) = 𝒮−1 [𝑤𝑚 (∑
𝑊(𝜉)(𝑘)(0)

𝑤(𝑚−𝑘) + 𝒮[𝑔(𝜉)] 𝑚−1
𝑘=0 )]                                                    (15) 

Where the term resulting from the source term and the specified initial conditions is indicated by 
𝐺(𝜉). 
 
As an infinite series, (14) has the following solution:  

𝑊(𝜉) = ∑ 𝑊𝑛(𝜉)∞
𝑛=0                                            (16) 

Decomposing the nonlinear term yields: 
𝑁𝑊(𝜉) = ∑ 𝐴𝑛(𝑤0, 𝑤1, … , 𝑤𝑛)∞

𝑛=0                                                                                         (17) 
where A𝑛 denotes the Adomian polynomials, which can be calculated by applying the technique de-
scribed in [20]: 
 

A𝑛 =
1

𝑛!

𝑑𝑛

𝑑𝜆𝑛 [𝑁(∑ 𝜆𝑖𝑤𝑖
∞
𝑖=0 )]

𝜆=0
, 𝑛 = 0,1,2,3, …                                                                    (18)  

Substituting (16) and (17) into (14) gives 
∑ 𝑊𝑛+1(𝜉)∞

𝑛=0 = 𝐺(𝜉) − 𝒮−1{𝒮𝑤𝑚([𝑅 ∑ 𝑊𝑛(𝜉)∞
𝑛=0 ] + [∑ 𝐴𝑛

∞
𝑛=0 ])}                            (19)    

The series solution can be obtained by continuously simplifying (19). 
 

𝑊0(𝜉) = 𝐺(𝜉) = 𝒮−1 [𝑤𝑚 (∑
𝑊(𝜉)(𝑘)(0)

𝑤(𝑚−𝑘) + 𝒮[𝑔(𝜉)]𝑚−1
𝑘=0 )]

𝑊𝑛+1(𝜉) = −𝒮−1{𝒮𝑤𝑚([𝑅𝑊𝑛(𝜉)] + [𝐴𝑛])}: 𝑛 ≥ 0
}                                               (20) 

 
Thus, the series solution is ascertained by applying the recursive relation (20). 
 
 𝑊(𝜉) = ∑ 𝑊𝑛(𝜉)∞

𝑛=0 = 𝑊0(𝜉) + 𝑊1(𝜉) + 𝑊2(𝜉) + 𝑊3(𝜉) + 𝑊4(𝜉) + ⋯                  (21) 
 
Convergence of the method 
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A complete normed linear space addressing the convergence of the Sumudu Transform Series 
Decomposition Technique (STSDT) is provided in this section. A sequence of function recurrences is 
produced by applying the approach to the nonlinear differential equation. It is presumed that the 
solution to the given problem is located at the limit of this sequence.  
 
Theorem 4.1 
Let 𝑋 = (𝐶[0, 𝑇], ‖. ‖) be a complete normed linear space of all continuous functions endowed with 
the maximum norm where 𝑡 ⟼ 𝑊(𝑡). Set 𝑊𝑛+1(𝜉) = 𝑊0(𝜉) − 𝔈−1(𝑡)[𝔈(𝑡)𝑠𝑚[𝑅(𝑊𝑛(𝜉)) +

𝑁(𝑊𝑛(𝜉))]], 𝑛 ≥ 0, where 𝑁[𝑊𝑛(𝜉)] = ∑ 𝐴𝑛(𝑊0, 𝑊1, … , 𝑊𝑛)∞
𝑛=0 . Define a mapping 𝑇: 𝑋 ⟶ 𝑋 as 

follows 𝑇(𝜉) ≔ 𝑊0(𝜉) − 𝔈−1(𝑡)[𝔈(𝑡)𝑠𝑚[𝑅(𝑊𝑛(𝜉)) + 𝑁(𝑊𝑛(𝜉))]], 𝑛 ≥ 0 and suppose 𝑅 and 𝑁 are 

Lipschitzian mappings such that there exists two Lipschitzian constants 𝑘1, 𝑘2 < 1 and 𝑠𝑚 with 0 <
𝑘 < 1, where 𝑘 = (𝑘1 + 𝑘2)𝑠𝑚, then the recursive relation (20) has a unique solution. 
Proof. 
There is at most one solution. Assume that 𝑊∗ and 𝑊 as exact and approximate solutions 
respectively such that 𝑊∗(𝜉) ≠ 𝑊(𝜉). Since 
‖𝑅𝑊∗ − 𝑅𝑊‖ ≤ 𝑘1‖𝑊∗ − 𝑊‖, ∀ 𝑊∗, 𝑊 ∈ 𝑋                                             (22)  
‖𝑁𝑊∗ − 𝑁𝑊‖ ≤ 𝑘2‖𝑊∗ − 𝑊‖, ∀ 𝑊∗, 𝑊 ∈ 𝑋                                            (23) 
for all 𝑊∗ and 𝑊 as exact and approximate solutions respectively. We want to show the uniqueness 
of T. To do this, we use the following estimate and the properties mentioned above to get: 

‖𝑇𝑊∗ − 𝑇𝑊‖ = |𝑊0(𝜉) − 𝒮−1(𝑡) [𝒮(𝑡)𝑠𝑚[𝑅(𝑊∗
𝑛

(𝜉)) + 𝑁(𝑊∗
𝑛(𝜉))]]

− [𝑊0(𝜉) − 𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[𝑅(𝑊𝑛(𝜉)) + 𝑁(𝑊𝑛(𝜉))]]]| 

                        = |−𝒮−1(𝑡) [𝒮(𝑡)𝑠𝑚[𝑅(𝑊∗
𝑛

(𝜉)) + 𝑁(𝑊∗
𝑛(𝜉))]] + 𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[𝑅(𝑊𝑛(𝜉)) +

𝑁(𝑊𝑛(𝜉))]]| 

                        = |𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[𝑅(𝑊𝑛(𝜉)) + 𝑁(𝑊𝑛(𝜉))]] − 𝒮−1(𝑡) [𝒮(𝑡)𝑠𝑚[𝑅(𝑊∗
𝑛

(𝜉)) +

𝑁(𝑊∗
𝑛(𝜉))]]| 

                        ≤ 𝑀𝑎𝑥
𝑡∈[0,𝑇]

|𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[𝑅(𝑊𝑛(𝜉)) − 𝑅(𝑊∗
𝑛(𝜉))]] + 𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[𝑁(𝑊𝑛(𝜉)) −

𝑁(𝑊∗
𝑛(𝜉))]]| 

                      = 𝑀𝑎𝑥
𝑡∈[0,𝑇]

|𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚]|‖𝑅(𝑊𝑛(𝜉)) − 𝑅(𝑊∗
𝑛(𝜉))‖ + |𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚]|‖𝑁(𝑊𝑛(𝜉)) −

𝑁(𝑊∗
𝑛(𝜉))‖ 

                        ≤ 𝑀𝑎𝑥
𝑡∈[0,𝑇]

(𝑘1 + 𝑘2)|𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚]|‖𝑊𝑛(𝜉) − 𝑊∗
𝑛(𝜉)‖ 

                        ≤ 𝑀𝑎𝑥
𝑡∈[0,𝑇]

(𝑘1 + 𝑘2)𝑠𝑚‖𝑊𝑛(𝜉) − 𝑊∗
𝑛(𝜉)‖ 

                        ≤ 𝑀𝑎𝑥
𝑡∈[0,𝑇]

(𝑘1 + 𝑘2)𝑠𝑚‖𝑊∗(𝜉) − 𝑊(𝜉)‖, since 0 < 𝑘 < 1, we get the contradiction 

‖𝑊∗(𝜉) − 𝑊(𝜉)‖ = ‖𝑊(𝜉) − 𝑊∗(𝜉)‖  ⇒  𝑊(𝜉) = 𝑊∗(𝜉).    This completes the proof.  ∎ 
Theorem 4.2 
Let 𝑋 = (𝐶[0, 𝑇], ‖. ‖) be a complete normed linear space of all continuous functions endowed with 
the maximum norm with 𝑡 ⟼ 𝑊(𝑡). Set 𝑊𝑛+1(𝜉) = 𝑊0(𝜉) − 𝔈−1(𝑡)[𝔈(𝑡)𝑠𝑚[𝑅(𝑊𝑛(𝜉)) +

𝑁(𝑊𝑛(𝜉))]], 𝑛 ≥ 0, where 𝑁[𝑊𝑛(𝜉)] = ∑ 𝐴𝑛(𝑊0, 𝑊1, … , 𝑊𝑛)∞
𝑛=0 . Define a mapping 𝑇: 𝑋 ⟶ 𝑋 as 

follows 𝑇(𝜉) ≔ 𝑊0(𝜉) − 𝔈−1(𝑡)[𝔈(𝑡)𝑠𝑚[𝑅(𝑊𝑛(𝜉)) + 𝑁(𝑊𝑛(𝜉))]], 𝑛 ≥ 0 and suppose 𝑅 and 𝑁 are 

Lipschitzian mappings such that there exists two Lipschitzian constants 𝑘1, 𝑘2 < 1 and 𝑠𝑚 with 0 <
𝑘 < 1, where 𝑘 = (𝑘1 + 𝑘2)𝑠𝑚, then the recursive relation (20) is convergent. 
Proof. 
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To prove that recursive relation (20) is convergent, we will show that for any given point 𝑚∗ ∈ 𝑋, 
the 𝑛𝑡ℎ  partial sum of the series ∑ 𝑊𝑘(𝜉)𝑛

𝑘=0  is Cauchy.  To see this, let 𝑀𝑛 = ∑ 𝑊𝑘(𝜉)𝑛
𝑘=0  be the 𝑛𝑡ℎ 

partial sum of the series in (20).  
Now,  

 ‖𝑀𝑛 − 𝑀𝑚‖ = 𝑀𝑎𝑥
𝑡∈[0,𝑇]

|𝑀𝑛 − 𝑀𝑚| = 𝑀𝑎𝑥
𝑡∈[0,𝑇]

|∑ 𝑊𝑘(𝜉)𝑛
𝑘=𝑚+1 | 

 ‖𝑀𝑛 − 𝑀𝑚‖ = 𝑀𝑎𝑥
𝑡∈[0,𝑇] |∑ (𝑊0(𝜉) − 𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[𝑅(𝑊𝑘−1(𝜉)) + 𝑁(𝑊𝑘−1(𝜉))]]𝑛

𝑘=𝑚+1 | 

                      ≤ 𝑀𝑎𝑥
𝑡∈[0,𝑇] |𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[𝑅(∑ 𝑊𝑘−1(𝜉)𝑛

𝑘=𝑚+1 )]] +  𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[𝑁(∑ 𝑊𝑘−1(𝜉)𝑛
𝑘=𝑚+1 )]]| 

                      ≤ 𝑀𝑎𝑥
𝑡∈[0,𝑇] |𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[∑ 𝑅(𝑀𝑛−1) − 𝑅(𝑀𝑚−1)𝑛

𝑘=𝑚+1 ]] +

𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[∑ 𝑁(𝑀𝑛−1) −                               𝑁(𝑀𝑚−1)𝑛
𝑘=𝑚+1 ]]| 

                      ≤ 𝑀𝑎𝑥
𝑡∈[0,𝑇] |𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[𝑅(𝑀𝑛−1) − 𝑅(𝑀𝑚−1)]] + 𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚[𝑁(𝑀𝑛−1) − 𝑁(𝑀𝑚−1)]]| 

                      ≤ 𝑀𝑎𝑥
𝑡∈[0,𝑇] (𝑘1 + 𝑘2)[𝒮−1(𝑡)[𝒮(𝑡)𝑠𝑚‖𝑀𝑛−1 − 𝑀𝑚−1‖]] 

                      ≤ (𝑘1 + 𝑘2)𝑠𝑚‖𝑀𝑛−1 − 𝑀𝑚−1‖ 
                      = 𝑘‖𝑀𝑛−1 − 𝑀𝑚−1‖. 
Let 𝑛 = 𝑚 + 1.By Induction, we have: 
‖𝑀𝑚+1 − 𝑀𝑚‖ = (𝑘)𝑚‖𝑀1 − 𝑀0‖ and this is a contraction. 
Since 0 < 𝑘 < 1, it results that (𝑘)𝑚 → 0 as 𝑚 → ∞. 
In the sequel, 

‖𝑀𝑚+1 − 𝑀𝑚‖ = |𝑘|𝑚‖𝑀1 − 𝑀0‖ 
Showing that {𝑀𝑚}𝑚=0

∞  is a Cauchy sequence. 
Since 𝑋 = (𝐶[𝑂, 𝑇], ‖. ‖) is a complete normed linear space, then {𝑀𝑚}𝑚=0

∞  converges to some 𝑚∗ ∈ 𝑋      
∎             
Numerical Application 
 

This section presents the solution of four Bratu-type problems using the proposed method-
ology. The outcomes demonstrate the suggested scheme's dependability and effectiveness. 
 
Example 5.1 (Salem & Thanoon, 2022): Consider the Bratu-type problem (1), by choosing 𝛾 = −2 and 
𝛼 = 1   to obtain: 
 

𝑑2𝑊

𝑑𝜉2 − 2𝑒𝑊 = 0,    0 < 𝜉 < 1,                             (24) 

 
𝑊(0) = 𝑊′(0) = 0                                              (25) 

 
The exact solution of the system (24) is given in (Salem & Thanoon, 2022) as:     
 

𝑊∗(𝜉) = 𝜉2 +
𝜉4

6
+

2𝜉6

45
+

17𝜉8

1260
+ ⋯ 

 

Solution. 
Applying the Sumudu transform on both sides of (24) gives: 

 𝒮 (
𝑑2𝑊

𝑑𝜉2 − 2𝑒𝑊) = 𝒮(0) 

Using (7), (25), (17) and (20) gives the following: 
𝑊𝑛+1 = 2𝒮−1[𝑠2𝒮(𝐴𝑛)] ∶ 𝑛 ≥ 0 
For 𝑛 = 0 

𝑊1 = 2𝒮−1[𝑠2𝒮(𝐴0)] = 2𝒮−1[𝑠2𝒮(𝑒𝑊0)] = 𝜉2  (𝑊0 = 0) 
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For 𝑛 = 1  

𝑊2 = 2𝒮−1[𝑠2𝒮(𝐴1)] = 2𝒮−1[𝑠2𝒮(𝑊1𝑒𝑊0)] =
𝜉4

6
 

For 𝑛 = 2 

𝑊3 = 2𝒮−1[𝑠2𝒮(𝐴2)] = 2𝒮−1 [𝑠2𝒮 (𝑒𝑊0 [𝑊2 +
1

2!
𝑊1

2])] =
2𝜉6

45
 

For 𝑛 = 3 

𝑊4 = 2𝒮−1[𝑠2𝒮(𝐴3)] = 2𝒮−1 [𝑠2𝒮 (𝑒𝑊0 [𝑊3 + 𝑊1𝑊2 +
1

3!
𝑊1

3])] =
17𝜉8

1260
 

Hence the approximate solution is given as 

𝑊(𝜉) = 𝜉2 +
𝜉4

6
+

2𝜉6

45
+

17𝜉8

1260
+ ⋯  which is the same as the exact solution. 

 
Example 5.2 (Salem & Thanoon, 2022): Consider the Bratu-type problem (1), by choosing 𝛾 = −1 and 
𝛼 = 2   to obtain: 
 

𝑑2𝑊

𝑑𝜉2 − 𝑒2𝑊 = 0,    0 < 𝜉 < 1,                             (26) 

 
𝑊(0) = 𝑊′(0) = 0                                             (27) 

 
The exact solution of the system (26) is given in (Salem & Thanoon, 2022) as:     
 

𝑊∗(𝜉) =
𝜉2

2
+

𝜉4

12
+

𝜉6

45
+

17𝜉8

2520
+ ⋯ 

 
Solution. 
Applying the Sumudu transform on both sides of (26) gives: 

 𝒮 (
𝑑2𝑊

𝑑𝜉2 − 𝑒2𝑊) = 𝒮(0) 

Using (7), (27), (17) and (20) gives the following: 
𝑊𝑛+1 = 𝒮−1[𝑠2𝒮(𝐴𝑛)] ∶ 𝑛 ≥ 0 
For 𝑛 = 0 

𝑊1 = 𝒮−1[𝑠2𝒮(𝐴0)] = 𝒮−1[𝑠2𝒮(𝑒2𝑊0)] =
𝜉2

2
  (𝑊0 = 0) 

For 𝑛 = 1  

𝑊2 = 𝒮−1[𝑠2𝒮(𝐴1)] = 𝒮−1[𝑠2𝒮(2𝑊1𝑒2𝑊0)] =
𝜉4

12
 

For 𝑛 = 2 

𝑊3 = 𝒮−1[𝑠2𝒮(𝐴2)] = 2𝒮−1 [𝑠2𝒮 (𝑒2𝑊0 [2𝑊2 +
1

2!
4𝑊1

2])] =
𝜉6

45
 

For 𝑛 = 3 

𝑊4 = 𝒮−1[𝑠2𝒮(𝐴3)] = 𝒮−1 [𝑠2𝒮 (𝑒𝑊0 [2𝑊3 + 4𝑊1𝑊2 +
1

3!
8𝑊1

3])] =
17𝜉8

2520
 

Hence the approximate solution is given as 

 𝑊(𝜉) =
𝜉2

2
+

𝜉4

12
+

𝜉6

45
+

17𝜉8

2520
+ ⋯  which is the same as the exact solution. 
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Example 5.3: Consider the Bratu-type problem (1), by choosing 𝛾 = 𝛼 = −1   to obtain: 
 

𝑑2𝑊

𝑑𝜉2 − 𝑒−𝑊 = 0,    0 < 𝜉 < 1,                             (28) 

 
𝑊(0) = 𝑊′(0) = 0                                              (29) 

 
The exact solution of the system (28) is given as:     
 

𝑊∗(𝜉) =
𝜉2

2
−

𝜉4

24
+

𝜉6

180
−

17𝜉8

20160
+ ⋯ 

 
Solution. 
Applying the Sumudu transform on both sides of (28) gives: 

 𝒮 (
𝑑2𝑊

𝑑𝜉2 − 𝑒−𝑊) = 𝒮(0) 

Using (7), (29), (17) and (20) gives the following: 
𝑊𝑛+1 = 𝒮−1[𝑠2𝔈(𝐴𝑛)] ∶ 𝑛 ≥ 0 
For 𝑛 = 0 

𝑊1 = 𝒮−1[𝑠2𝒮(𝐴0)] = 𝒮−1[𝑠2𝒮(𝑒−𝑊0)] =
𝜉2

2
  (𝑊0 = 0) 

For 𝑛 = 1  

𝑊2 = 𝒮−1[𝑠2𝒮(𝐴1)] = 𝒮−1[𝑠2𝒮(−𝑊1𝑒−𝑊0)] =
−𝜉4

24
 

For 𝑛 = 2 

𝑊3 = 𝒮−1[𝑠2𝒮(𝐴2)] = 𝒮−1 [𝑠2𝒮 (𝑒−𝑊0 [−𝑊2 +
1

2!
𝑊1

2])] =
𝜉6

180
 

For 𝑛 = 3 

𝑊4 = 𝒮−1[𝑠2𝒮(𝐴3)] = 𝒮−1 [𝑠2𝒮 (𝑒−𝑊0 [−𝑊3 + 𝑊1𝑊2 −
1

3!
𝑊1

3])] =
−17𝜉8

20160
 

Hence the approximate solution is given as 
 

 𝑊(𝜉) =
𝜉2

2
−

𝜉4

24
+

𝜉6

180
−

17𝜉8

20160
+ ⋯ which is the same as the exact solution. 

 
 

Example 5.4: Consider the Bratu-type problem (1), by choosing  𝛾 = −
2

3
 and 𝛼 =

1

2
 to obtain: 

 
𝑑2𝑊

𝑑𝜉2 −
2

3
𝑒

1

2
𝑊 = 0,    0 < 𝜉 < 1,                             (30) 

 
𝑊(0) = 𝑊′(0) = 0                                                (31) 

 
The exact solution of the system (30) is given as:     
 

𝑊∗(𝜉) =
𝜉2

3
+

𝜉4

108
+

𝜉6

2430
+

17𝜉8

816480
+ ⋯ 



 
 
 
 
 

J. Nat. Scien.  & Math. Res. Vol. 11, No. 2, 136-145 
Jackson & Enyinnaya (2025) 

 

143 
 

 
Solution. 
Applying the Sumudu transform on both sides of (30) gives: 

 𝒮 (
𝑑2𝑊

𝑑𝜉2 −
2

3
𝑒

1

2
𝑊) = 𝒮(0) 

Using (7), (31), (17) and (20) gives the following: 

 𝑊𝑛+1 =
2

3
𝒮−1[𝑠2𝒮(𝐴𝑛)] ∶ 𝑛 ≥ 0 

For 𝑛 = 0 

𝑊1 =
2

3
𝒮−1[𝑠2𝒮(𝐴0)] =

2

3
𝒮−1 [𝑠2𝒮 (𝑒

1
2𝑊0)] =

𝜉2

3
  (𝑊0 = 0) 

For 𝑛 = 1  

𝑊2 =
2

3
𝒮−1[𝑠2𝒮(𝐴1)] =

2

3
𝒮−1 [𝑠2𝒮 (

1

2
𝑊1𝑒

1
2𝑊0)] =

𝜉4

108
 

For 𝑛 = 2 

𝑊3 =
2

3
𝒮−1[𝑠2𝒮(𝐴2)] =

2

3
𝒮−1 [𝑠2𝒮 (𝑒

1
2𝑊0 [

1

2
𝑊2 +

1

8
𝑊1

2])] =
𝜉6

2430
 

For 𝑛 = 3 

𝑊4 =
2

3
𝒮−1[𝑠2𝒮(𝐴3)] =

2

3
𝒮−1 [𝑠2𝒮 (𝑒

1
2𝑊0 [

1

2
𝑊3 +

1

4
𝑊1𝑊2 +

1

48
𝑊1

3])] =
17𝜉8

816480
 

Hence the approximate solution is given as 

 𝑊(𝜉) =
𝜉2

3
+

𝜉4

108
+

𝜉6

2430
+

17𝜉8

816480
+ ⋯ which is the same as the exact solution. 

 
Results and Discussion 
 

Table 1. Comparison of the absolute errors for example 5.1 

 
 
 
 
 
 
 
 
 
 
 
 
 

Discussion  
 

In summary, the findings clearly show that the hybrid STSDT is a powerful, precise, and effec-
tive approach. It successfully addresses a gap in the literature by integrating the advantages of the 
Sumudu Transform, Adomian decomposition, and series expansion into a coherent and reliable 
framework. The STSDT is a highly valuable addition to the toolkit of methods for solving nonlinear 
initial value problems in applied mathematics and engineering because of its performance, which is 

𝝃 Exact solution 
Approximate 
solution 

Absolute Error by 
the proposed 
method 

Absolute error by 
Perturbation 
Method (Salem & 
Thanoon, 2022) 

0.1 0.01001671124 0.01001671124 0.00000000e-00 1.117×10−8 
0.2 0.04026954565 0.04026954565 0.00000000e-00 7.2635 ×10−7 
0.3 0.09138328521 0.09138328521 0.00000000e-00 0.00000849054 
0.4 0.1644575533 0.1644575533 0.00000000e-00 0.0000494120 
0.5 0.2611638145 0.2611638145 0.00000000e-00 0.0001968626 
0.6 0.3839002149 0.3839002149 0.00000000e-00 0.0006183771 
0.7 0.5360233017 0.5360233017 0.00000000e-00 0.0016503540 
0.8 0.7221811037 0.7221811037 0.00000000e-00 0.0039113549 
0.9 0.9487774909 0.9487774909 0.00000000e-00 0.0084672048 
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validated by zero absolute error and superior to existing approaches in literature, as well as its strong 
theoretical foundation. 
 

Table 2. Comparison of the absolute errors for example 5.2 

 
Conclusion 
 

The efficiency of the Sumudu transform series decomposition technique (STSDT) in 
generating approximations for nonlinear Bratu differential equation solutions has been shown in this 
study. The method incorporates the Sumudu transform, series expansion, and Adomian polynomials. 
The method offers solutions for series that arise in real-world scenarios and swiftly converge. The 
suggested strategy performs better than methods outlined in the literature, as seen in Tables 1 and 2. 
The outcomes additionally indicated the effectiveness and utility of the proposed technique as a tool 
for addressing the problem class under investigation. 
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