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ABSTRACT

This study presents the development, analysis and numerical performance of a new numerical algorithm
designed for solving Volterra integro-differential equations of the second kind. The method is derived
using a power series approach with interpolation and collocation techniques, leading to a continuous
and discrete block formulation suitable for solving linear and nonlinear Volterra integro-differential
equations of the second kind. The fundamental properties of the algorithm such as order, error constant,
consistency, zero-stability, convergence and absolute stability are rigorously examined and the method
is shown to satisfy all necessary conditions for reliability and convergence. To assess its accuracy and
efficiency, three numerical examples involving linear and nonlinear Volterra integro-differential
equations with known exact solutions are solved. The results demonstrate that the developed algorithm
consistently produces extremely small absolute errors, significantly outperforming several existing
numerical methods. The algorithm proves to be highly accurate, stable and suitable for a wide range of
volterra integro-differential problems.

Keywords: Volterra integro-differential equation; block algorithm; numerical method; convergence;
stability analysis; error estimation; power series method

Introduction

Integral equations are essential tools in science, engineering and technology because they
model systems involving cumulative effects, interactions and constraints, and they are widely applied
in physics such as in electrodynamics, fluid mechanics and quantum mechanics where equations like
Maxwell’s can be expressed in integral form to analyze wave equation behavior and field
distributions (Aduroja et al., 2025); they are also used in mechanics to determine stress and strain
through boundary integral methods and in thermal sciences to study heat conduction in various
materials (Otaide & Oluwayemi, 2024). In engineering, integral equations support applications in
signal processing, control systems, antenna design and circuit analysis (Oyedepo et al., 2023), and
they underpin boundary element methods for structural analysis, aerodynamics and acoustics.
Furthermore, in computer science and technology, they are crucial for image reconstruction, inverse
problems, artificial intelligence and numerical simulations (Oyedepo, Ajileye, et al,, 2024), making
them indispensable for advancing modern engineering and technological innovations (Oyedepo,
Ayinde, et al., 2024).

This study considered the second kind Volterra integro-differential equation of the form
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y(x)=(x)+ [ K(x t)y(t)dt (1)

where K(X, '[) is the kernel of Volterra integral equation, f(X) is the function and 7 is the a
parameter. The equation (1) is called linear because the unknown function y(x) under the integral

sign occur linearly, i.e. the power of y(x) is one.

The Adomian Decomposition Method (ADM), developed by George Adomian between the
1970s and 1990s, is a semi-analytical technique designed to solve linear, nonlinear, and stochastic
differential equations without requiring linearization or perturbation. By decomposing complex
problems into rapidly convergent series and using Adomian polynomials to approximate nonlinear
terms, ADM provides accurate closed-form approximations suitable for a wide range of mathematical
models. Its effectiveness demonstrated in studies such as Maturi and Malaikah (2021), including
applications to the Fisher-Kolmogorov equation extends further to stochastic systems through Ito
integral formulations (Chang, 2019; Agarwala et al., 2022), making ADM widely applicable in physics,
engineering, and applied mathematics.

Ongoing research has strengthened ADM’s computational performance and convergence
properties. Modified decomposition approaches proposed by Linjun (2023) have reduced
computational burdens associated with Volterra-type integral equations, while Agbata et al. (2022)
demonstrated ADM’s capacity to solve complex differential equations such as the Emden-Fowler
type. Despite advantages such as stability and analytical flexibility, ADM faces limitations including
sensitivity to initial conditions and the computational complexity of higher-order polynomials. These
challenges were highlighted in the work of Islam and Srivastava (2024a, 2024b). Nevertheless,
practical applications such as Agarwala et al. (2022) modeling of COVID-19 transmission in India
reinforce ADM'’s relevance as a robust and adaptable technique.

The Variational Iteration Method (VIM) offers another powerful analytical tool for solving
ordinary, partial, fractional, and integro-differential equations through correction functionals
constructed using Lagrange multipliers. Unlike ADM, VIM does not require perturbation, small
parameters, or the computation of Adomian polynomials. Studies by Pan et al. (2016), Cimen and
Yatar (2020) show that VIM often outperforms traditional techniques for nonlinear equations such
as the Burger’s, Schrodinger, and Korteweg-de Vries equations. Improvements like the VIM-
Chebyshev wavelet hybrid Memon et al. (2023) and the Modified VIM combined with the Boundary
Shape Function Method Liu et al. (2025) have enhanced its accuracy, convergence speed, and ability
to handle complex boundary and convection-diffusion-reaction problems, confirming VIM’s
versatility in mathematical modeling and physical systems.

Derivation of the Method
A block algorithm shall be derived for the computation of Volterra Integro-Differential
Equations of the Second Kind of the form (1). We shall employ the power series approximate solution
of the form,
r+s-1 (2)

y)="Sa
j=0
for the derivative of the block algorithm given by
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Ao =3 U o iy, b (Y, ) ©)

j=0

Where I' and S in (2) are the number of interpolation and collocation points respectively.
Equation (2) is differentiated three times and substituted into (1), that is,

r+s—1_ . . . 4
flt,y, y.y")=> i(j-1(j-2)a;t" (4)
j=0

A grid of one step length is considered in this paper with a constant step size h given by

h=t, —t,,i=01and off-step pointsat t  t ,,t

nel’ i’ Tnel
6 3 2

Evaluate the Interpolating of equation (2) ata point ¢ s 1(1

613

at ¢ _ 0(1)1' give a system of nonlinear equation of the form
n+r 6

jl and collocating of equation (4)
2

TA=U (5)

where

A:[ao a a a; a & 3 a4 & ag]

U :|:y 1 Y1 Y fn f 1 f 1 f 1 f 2 f 5 fn+l:|
n+= n+= n+= n+= n+= n+= n+— n+=
6 3 2
r 2 3 4 5 6 7 8 9 ]
1t t t° t ) 7, t t° t7
n+= n+= n+= n+= n+= n+= n+= n+= n+=
6 6 6 6 6
2 3 4 5 6 7 8 9
1t t t t t t t t t
n+= n+= n+= n+= n+= n+= n+= n+5 n+=
2 3 4 5 6 7 8 9
1t . oty ", t° t° t', t° 7,
n+= n+= n+= n+= n+= n+= n+= n+= n+=
2 2 2 2 2 2 2 2 2

6ot> 120t 210t  336t>  504t°
0O 0 0 6 24 , 60t*>, 120t%, 210t*, 336t°, 504t°,

- T e
0 0 0 6 24, 607, 120°, 210t', 336t°, 504,

0 0 0 6 24tnj 60t:j 120t:; Zlot:j 336t:; 50‘”:;

0 0 0 6 24tn; 60t:+z 120t:; 210t:+z 336t:; 504t:;

0 0 0 6 24tn+: 60t:; 120t:+: 210t:; 336t:+: 504tf+z

; ; ; ; ; ;

0 O 0 6 24t

60t?, 120t3

n+l

Solving equation (5) for a;, where j=0,1, 2, ---, 9 are constants to be determined and putting back

into (2) gives a continuous form of block algorithm as

yt)=a,(tly . +a,tly . +a,t)y ath {Zﬁ fos ﬂs(t)fm}S:l(EP (©)

6 3 3 2 6166
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where a_(t), B; (t) and B, (t) are express as a function of X with

Lttt (7)
h
to obtain the continuous form as
a, (t)=3-15x+18x?, a, (t) = —324x—36x2, a, (t) =1—9x +18x> (8)
6 3 2
221 116857 36733 , 1.5 49 . 203 5 147 o 3 . 27 5 9
Aolt )__6531840 65318400 145120 6. 80 150 80 ‘2 40" 70"
)= 4703 319073 367 ., 3. 261, 8T . 209, 27, 27
% 2177280 10886400 3024 2 50 10 35 7 35
B, (t)=— 2831 | 2363 1153 ., 15,4 3515 13835 12337 5135 270
5 1088640 124416 483840 8 40 80 70 56 14
ﬂ()_ 887 4589 193 , 5, 127 o 93 , 726 , 81 , 18
! 3265920 3265920 5184 3 15 5 35 7
B,([t)=— 307 | 3623 1153 o 15,4 Vs 215 963, 496 276
% 2177280 4354560 483840 16 20 80 70 56 14
,B (t)= 479 79 o, 3 ya Blis 39,6 1717 1086 2706
> 435456 1555200 12096 10 10 10 35 35 35
B(t)=— 1 30238 | 1318 o, 1 e B3 s 9,6 Dlyr 2706, 9 4o
! 204120 65318400 1451520 24 600 16 70 56 70

Solving (6) for the independent solution gives a continuous algorithm of the form

yit)=3 Uy +h{§a,. W1, +as(t)fm} 11 ©

i=0 6166

Evaluating (9) at t = 1(1)1, gives a discrete algorithm of the form (1) where,
616

Y(n{ygl yO oy 0, yiijE 1} F(Y,)= {m fof f, 1 fm}
6 6 6 6

n+= n+= n+=
3 2 3

n+ n+
3 2 3

3 2

N EO NN
6 3 6

And A9 isa 6x6 identity matrix. When i =0

. . 1
00000% 000007

(00 00 0 1] 1 00000 L

000001 000003 18

L_[000001 fooooo S |20000
°“lo 000 01" " o 0000 4
000001 00000 3 18

000001 ooooo% 0000027

00000 1] 00000%
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783820800 9331200 52254720 9797760 52254720 65318400 783820800
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L 840 | | 35 280 105 280 35 840

Analysis of Basic Properties of the Block Algorithm
In this section, we examine the fundamental characteristics of a general block
algorithm designed for solving third-order oscillatory differential equations of the form (1).
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The analysis focuses on key properties such as the order of the method, error constant,
consistency, zero-stability, and the region of absolute stability.

Order and Error Constant
Definition 1: Order of an Algorithm
The linear operator associated with the discrete algorithm (9) is defined as;

Ay :n)= A0 =3 Iy b9 3, + b (Y] o

Assuming that y(t)is sufficiently differentiable, we write the terms in (10) as a Taylor series

expansion about the point t to obtain the expression;
Ay :h}=Coy()+Cy' () +...+C,h°y* () +C,;h " y** (1) + C, ,hP?yP2 () +...  (11)

where the constant coefficients Cp P= 0,1,2,... are given by;
k (12)

=2
¢, =2 (e - 5)

j=0

SR 1
Co =, g i i | a=23,..

-0 (q-D!
The block algorithm (3) and the associated linear difference operators are said to have order P if
C,=C,=..=C,=C_,=C,_,,=0,C_,, =0. The order is also defined as the largest positive real

number p that quantifies the rate of convergence of a numerical approximation of a differential

equation to that of the exact solution.
Definition 2: Error Constant
The term C ;s called the error constant and implies that the local truncation error for (9) is given

by,

T =Cpish™yP2 () + O(h?™) (13)

p+3

The error constant is the accumulated error when the order of an algorithm has been computed.
Therefore, according to definition 1 and 2 above, the order of the block algorithm is
p=[8 8 8 8 8 8]anditserror constant of block algorithm is

_ 4001 199 29 29 7625 1
P37 1109709829734400 857108044800 50164531200 26784626400 4388393189376 391910400

Consistency
Definition 3: Consistency
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The continuous block algorithm (9) is said to be consistent if it satisfies the following conditions:

(i) theorder P21,
K

(i) > a;=0,and

j=0
(i) p'(1)=0()

Remark

Condition (i) is a sufficient condition for the associated block algorithm (9) to be consistent, i.e. P >1

. Hence, the block algorithm (9) is consistent

Zero-Stability
Definition 4: Zero-Stability
A block algorithm (9) is said to be zero-stable if the roots z,, S =1,2,...,n of the first characteristic
polynomial ;(Z) , defined by
o(2) = det[zA(O) - E] (14)

satisfies |zs | <1 and every root with |Z,5 | =1 has multiplicity not exceeding the order of the differential

equationas h — 0. Moreover,as h—0, p(z) =z"*(z—1)", where 4 is the order of the differential

equation, I' is the order of the matrices A® and E. The main consequence of zero-stability is to

control the propagation of the error as the integration proceeds. Applying definition 4 on (9), the first
characteristic polynomial is given by,

1 00 00O 0 00 0 O01 z 000 0 -1
01 0 0O0O0 0 00 0 O01 0 z 000 -1
001000 0 0 00 O012 00z 0O -1
plz)= — = =2°(z-1)
000100 0 000 O012 000 z 0 -1
000010 0 0 00 O01 0000 z -1
000001 [000001| |[0000O0 z-1]
Thus, solving for Z in
2°(z-1)=0 (15)

gives 2, =2, =2, =12, =7, =0, Z, =1. Hence, the block algorithm (9) is zero-stable.

Convergence

Definition 5: Convergence

The block algorithm (9) is said to be convergent if, for all problems of the form (1) subject to the
hypothesis of the Lipchitz condition, we have that

hﬂgn yj = y(Xj) (16)

jh=x-a
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holds for X € [a, b] and for all solutions {yj} .

The convergence of the continuous linear multistep method (2) is considered in the light of
the basic properties discussed earlier in conjunction with the fundamental theorem of Dahlquist for
LMMs. In what follows, we state without proof, the Dahlquist theorem.

Theorem 3.1:

The necessary and sufficient conditions for a linear multistep method to be convergent are that it be
consistent and zero-stable. Thus, the block algorithm (9) is convergent. The proof can be seen in Otaide
and Oluwayemi (2024).

Region of Absolute Stability of our Method
Definition 6: Region of absolute stability is a region in the complex Z plane, where z=Ah.lItis

defined as those values of Z such that the numerical solutions of y™=_;y satisfy y; >0as oo

for any initial condition (Oyedepo, Ayinde, et al., 2024).

To determine the regions of absolute stability of block algorithm (9), a method that requires neither
the computation of roots of a polynomial nor solving of simultaneous inequalities was adopted. This
method according to Lambert is called the Boundary Locus Method (BLM). The stability region
obtained in Figure 1 is A-stable, since it contains the whole of the left-half plane of the figure.

0.6

\

Im(z)
N

0.2

0.4 ~

06

%6 0.4 0.2 0 0.2 0.4 0.6 0.8

Re(z)

Figure 1. Region of Absolute Stability of our method.
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Numerical Examples

This section deals with the numerical simulation of the performance of the New Algorithm
(NA) presented in equation (9) for numerical integrations of the Volterra integro-differential
equation of the second kind (1). The absolute error or maximum error in the NA is computed and
compared with the existing methods of Mohamed and Zanariah (2015), Majid and Mohamed (2019),
Olowe et al. (2023), Kamoh et al. (2017a), Abdulganiy et al. (2018) and Kamoh et al. (2017b). The
results are tabulated and graphical shown.

Example 1
Consider the Linear Volterra integro-differential equation of the form
=1- j (t)dt, y(0)=0,0<x<1 (17)

with exact solution given by
y(x)=sin(x) (18)
Example 1 was solved using the New Algorithm ENA, table 1 and figure 2 shows the comparison of

new algorithm (NA) in equation (9) with the existing methods of EABM5 and EZP3SBM in Mohamed
and Zanariah (2015) and E2P3B in Majid and Mohamed (2019) in terms of errors.

Example 2

Consider the Volterra integro-differential equation of the form

y'(x) = —sin(x)—cos(x I 2cos(x—t)y(x)dt, y(0)=1 (19)
with exact solution given by

y(x)=exp(-x) (20)

Table 2 together with figure 3 present the results of example 2. The numerical results in comparison
of ENA with the EABM5 and Two Point three-step block method E2P3B both as given in Majid and
Mohamed (2019). The results are also compared with the EBTFM of Olowe et al. (2023).

Example 3

Consider the nonlinear Volterra integro-differential equation of the form

v () Lx(y(t))zdt+(§—sinh(x)—%sinh(2x)j ~0,y(0)=0, y'(0)=1 1)
with exact solution given by

y(x) = sinh(x) (22)

Table 3 together with figure 4 shows the comparison example 3, which was solved using the NA and
the results are compared with those given by ECMM developed by Kamoh et al. (2017a). The results
are also compared with EFDTFBBDF developed Abdulganiy et al. (2018) and methods E4SBM and
E5SBM developed by Kamoh et al. (2017b).
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Error Curves for Example 1
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Figure 2. Textual Curve of Table 1
o Error Curves for Example 2
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Figure 3. Textual Curve of Table 2
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Table 1. the numerical Results for Example 1

X Exact Solution Computed Solution ENA E2P3B EABM5 E2P3SBM
0.025 0.02499739591471233066 0.02499739591471232708 3.5800(-18) 5.7323(-08) 2.8951(-07) 1.2349(-09)
0.0125 0.01249967448170978872 0.01249967448170978962 9.0000(-19) 5.5893(-09) 3.6127(-08) 3.8642(-11)
0.00625 0.00624995930997530612 0.00624995930997530597 1.5000(-19) 2.2443(-10) 4.3953(-09) 1.2080(-12)
0.003125 0.00312499491373946269 0.00312499491373946268 1.0000(-20) 1.3908(-11) 5.4213(-10) 3.7751(-14)
0.0015625 0.00156249936421720001 0.00156249936421720001 0.0000(00) 8.6930(-13) 6.7325(-11) 5.3291(-15)
0.00078125 0.00078124992052714272 0.00078124992052714272 0.0000(00) - - 1.3545(-14)
Table 2. numerical results for example 2
X Exact Solution Computed Solution ENA EABM5 E2P3B EBTFM
0.250 0.77880078307140486825 0.77880078307140540806 5.3981(-16) 8.1337(-03) 6.1138(-03) 1.6867(-06)
0.1250 0.88249690258459540286 0.88249690258459540322 3.6000(-19) 4.7616(-04) 3.9009(-04) 5.0991(-08)
0.06250 0.93941306281347578612 0.93941306281347578612 0.0000(00) 2.1034(-05) 1.6881(-05) 1.5744(-09)
0.031250 0.96923323447634408185 0.96923323447634408185 0.0000(00) 7.8509(-07) 7.8509(-07) 4.8948(-11)
0.0156250 0.98449643700540840599 0.98449643700540840598 1.0000(-20) 2.6828(-08) 2.0516(-08) 1.5261(-12)
0.00781250 0.99221793826024351211 0.99221793826024351211 0.0000(00) 8.7684(-10) 6.6334(-10) 4.7637(-14)
Table 3. numerical results for example 3
X Exact Solution Computed Solution ENA ECMM EFDTFBBDF E4SBM E5SBM
0.16 0.16068354101279944828  0.16068354101279129786  8.1504(-15) 4.5700(-08) 7.8800(-05)  4.5800(-08)  4.5700(-08)
0.32 0.32548936363113307984  0.32548936363113985654  6.7767(-15) 3.7140(-07) 2.9800(-04) 3.7160(-07)  3.7150(-07)
0.48 0.49864550519337626463  0.49864550519337347295  2.7917(-15) 1.2858e(06) 6.5900(-04) 1.2861(-06) 1.2859(-06)
0.64 0.68459422763095139805  0.68459422763099268709  4.1289(-14) 3.1554(-06) 1.1900(-03)  3.1559(-06)  3.1555(-06)
0.80 0.88810598218762300658  0.88810598218761237564  1.0631(-14) 6.4379(-06) 1.8900(-03) 6.4386(-06)  6.4381(-06)
096 1.11440179372400284780  1.11440179374552187898  2.1519(-11) 1.1717(-05)  2.7900(-03)  1.1718(-05) 1.1718(-05)
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Error Curves for Example 3
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Figure 4. Textual Curve of Table 3
Discussion

The numerical performance of a newly developed algorithm (NA) designed for solving
Volterra integro-differential equations of the second kind. The study evaluates the accuracy of the
developed ENA method by solving three examples involving both linear and nonlinear equations
with known exact solutions. For each example, the absolute errors of ENA are calculated and
compared with several established numerical schemes in existing literature, such as EABM5,
E2P3B, E2P3SBM, EBTFM, ECMM, EFDTFBBDF, E4SBM, and E5SBM. This comparison provides a
detailed assessment of the algorithm’s efficiency, precision and stability.

In Example 1, the numerical results demonstrate that the ENA method yields extremely
small error values, often as low as 107*® to 1072°, which are considerably lower than those
produced by EABM5, E2P3B, and E2ZP3SBM. This confirms the high level of accuracy achieved by
the new algorithm when applied to linear Volterra equations. In Example 2, which involves an
exponential-type equation, the ENA method once again produces near-zero errors,
outperforming both older and more recent methods, including EABM5, E2P3B, and EBTFM.
Across all tested step sizes, ENA remains the most accurate method, indicating its strong
computational effectiveness.

Example 3 assesses the performance of ENA when applied to a nonlinear Volterra integro-
differential equation. The results show that while other competing methods such as ECMM,
EFDTFBBDF, E4SBM, and E5SBM generate larger errors, sometimes up to the order of 1073, ENA
maintains very small error values throughout. This highlights the method’s robustness,
consistency and reliability even under nonlinear and more complex problem settings. The
accompanying figures visually confirm ENA’s closeness to the exact solution. The results
demonstrate that the new algorithm offers significant improvements in accuracy and
convergence, making it a highly promising tool for solving various types of Volterra integro-
differential equations.
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The numerical examples demonstrate that the new algorithm (NA) delivers highly
accurate and stable results across a variety of Volterra integro-differential equations. In all three
examples, the computed solutions closely match the exact solutions and consistently outperform
existing methods such as EABMS5, E2P3B, E2P3SBM, ECMM, and EFDTFBBDF. Example 1 shows
that the NA maintains precise results for linear equations, while Examples 2 and 3 illustrate its
effectiveness for both linear and nonlinear problems. The results remain reliable across different
step sizes, indicating strong numerical stability. Furthermore, the algorithm’s performance across
multiple problem types highlights its versatility and suitability for a wide range of integro-
differential equations in scientific and engineering applications.
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